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Metastability is a refinement of the Nash equilibria of a game derived from two conditions: embedding combines behavioral
axioms called invariance and small-worlds, and continuity requires games with nearby best replies to have nearby equilibria.
These conditions imply that a connected set of Nash equilibria is metastable if it is arbitrarily close to an equilibrium of
every sufficiently small perturbation of the best-reply correspondence of every game in which the given game is embedded as
an independent subgame. Metastability satisfies the same decision-theoretic properties as Mertens’ stronger refinement called
stability. Metastability is characterized by a strong form of homotopic essentiality of the projection map from a neighborhood
in the graph of equilibria over the space of strategy perturbations. Mertens’ definition differs by imposing homological
essentiality, which implies a version of small-worlds satisfying a stronger decomposition property. Mertens’ stability and
metastability select the same outcomes of generic extensive-form games.
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1. Introduction. This article contributes to the refinement of the Nash equilibria of a finite game. Previous
contributions to this topic derive implications of proposed definitions.! Our method differs in that a refinement is
derived from two primitive requirements. We obtain a new refinement called metastability from conditions called
embedding and continuity. Embedding is a natural generalization of the invariance and small-worlds axioms.’
Continuity requires that every game nearby has an equilibrium nearby.

Unlike previous contributions that impose an essentiality property in the definition of the refinement studied,
we derive an essentiality property from the conjunction of embedding and continuity. However, it is essentiality
in the sense of homotopy that is obtained, rather than homology as in Mertens’ [21] definition of stability.
Continuity is a weak requirement, but we show that in combination with embedding it is equivalent to a succinct
mathematical test that is a strong form of homotopic essentiality called stable essentiality. Roughly, stable
essentiality requires that the strategy set of the given game remains in the range of every homotopic deformation
of every suspension of the local projection map from the graph of equilibria to the space of perturbed strategies
(Appendix A’s Definition A.1 provides the precise definition).

We prove that metastability satisfies all the standard decision-theoretic properties considered by
Mertens [21, 22]. It also satisfies the projection property and a slightly weaker version of the decomposition
property that are the two parts of Mertens” [23] version of the small-worlds axiom. Metastability is slightly
weaker than stability as defined by Mertens. Technically, this weaker aspect appears in our characterization that
a metastable set is one for which the local projection map (from a neighborhood in the graph of the equilibria
correspondence to the space of strategy perturbations) satisfies a strong form of homotopic essentiality, which is
slightly weaker than the homological essentiality that Mertens invokes in his definition of stability. However, in
Appendix E we prove that metastability coincides with Mertens’ stability for extensive-form games with perfect
recall and generic payoffs.

1.1. Embedding and continuity. These two conditions are the following.

Embedding. We interpret any game G as a local version of any larger game G with additional features that
do not affect optimal behavior in G. Imposed as an axiom, embedding requires that a selected set of equilibria
of a game G is the projection of a selected set of any larger game G in which G is embedded. By “embedded”
we mean trivially embedded in that optimal strategies of players in G are not affected by actions in G that are

!'For a critical review of equilibrium refinements see Hillas and Kohlberg [10]. The initial sections of Hillas et al. [11] review further those
refinements based on perturbations of a game’s best-reply correspondence, which is the formulation adopted here.

2 Kohlberg and Mertens [12] and Mertens [23] propose these axioms, and variants are studied by Hillas [9] and Hillas et al. [11].
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We turn now to perturbation spaces obtained from P. (The analogs for P’ are obvious so we do not discuss
them.) Following Mertens [21, Appendix I], a normalization is an equivalence relation on P such that two
perturbations are equivalent only if the games they induce have the same equilibria. Formally, a normalization
is a quotient mapping f* from P; , for some &, > 0, to some set O such that if m and 1’ belong to P; \dP,
and f(n) = f(n'), then G(7m) and G(n’) have the same set of Nash equilibria. For example, the map sending
n to G(n) is a normalization, because it identifies all perturbations that yield the same game. Mertens [21,
§6, Appendix I] provides other examples of normalizations, which yield spaces of much smaller dimension.
He also shows that for any normalization f, there exists a basis 7/ of neighborhoods W of 0 € P; that are
homeomorphic to simplices, and that are mapped by f to a basis W of neighborhoods of f(0) in Q that are
also homeomorphic to simplices. Also, for each W € W/, there is a homeomorphism 4y, of W with f(W) x W,
for W, C R* for some k such that the restriction of f to W is the composite of hy, with the projection from

F(W) x W, to f(W). This set W, is homeomorphic to a quotient space of a cube [0, 1]* obtained by identifying
some points on the boundary (Mertens [21, Appendix I, §4, Theorems 1 and 2]).

Given a quotient mapping f: P — 0, we can now define stably essential sets, using Q as the space of
perturbations as follows. Choose some set W, in the basis 7 of neighborhoods of 0 € P. Viewing € as the
graph of equilibria over P, let €y, be the inverse image in € of W, under the projection p to P and define
g €y, — 0 x 3 by g(n,0) = (f(n), o). Let p be the projection from € to Q. Recall that W, = f(WO) is a
neighborhood of £(0) in Q that is homeomorphic to a simplex. Denote its boundary by 0WO. Let 9€ be the set
of =1 (aW,).

For a subset E of € and a neighborhood W of f (0) e Q that is homeomorphic to a simplex, let (EW, aEW)
be the inverse image of (W 8W) in E under p. where dW is the boundary of W. Also let EO be the set of
(f0),0)€E). ) )

DEFINITION D.1 (Q-STABLY ESSENTIAL SET). S C 2 is a O-stably essential set if for some closed subset E
of € with E;={f(0)} x S:

(i) Connectedness: For every neighborhood V of E, in E, the set V\0€ has a connected component whose
closure is a neighborhood of E, in E.

(ii) Stable essentiality: the projection map p: (EW, 8EW) — (Py, dPy) is stably essential in homotopy for
some neighborhood W of f (0) that is homeomorphic to a simplex.

With these definitions, we have the following theorem.

THEOREM D.2. S is stably essential if and only if it is Q—stably essential.

PrOOF. Let § be a stably essential set with a germ E. We can assume without loss of generality that E
1s contalned in €y, and that it is the closure of E\JE,. Let E = g(E). Then E is a closed subset of € with
={f(0)} x S. We will show that E satisfies the connectedness and essentiality conditions as well. By the
connectedness condition for E, there exists a basis 7" of neighborhoods V of E, in E such that V\JE, is
connected. For each V € %/, let V = g(V). Then V\0% is connected because it is obtained from the connected
set g(V\JE,) by adding some limit points. Moreover, the Vs form a basis of neighborhoods of EO in E because
the sets p’I (W)NE for W € W form a basis of neighborhoods of E;, in E whose images under g are the sets E
for W € W, which form a basis of neighborhoods of EO in E. Thus, E satisfies the connectedness condltlon
We turn now to the essentiality property. Because E satisfies the essentiality condition, by Lemma A.5, there
exists some W € 7/ such that the projection p: (Ey, dEy) — (W, dW) is essential. By the properties of f we
saw before, there exists a quotient map 7 from W x [O 1]¢ to W that collapses some points in W x a[o, 1]
such that f o = pI‘O]W T 1nduces a map ¢ from Eg x [0, 1] to E,, given by ¢((7, o), 1) = (7 (7, 1), o).
And po = 7o pt, where p*: (Ez,dEg) x ([0,1]%, [0, 1]F) — (W, W) x ([0, 1]%, 3]0, 1]%) is given by
P*(, o, t) = (7, t). By Lemma A.6, the stable essentiality of p implies that of D*. The stable essentiality of p*
now clearly implies that of p itself. Thus, S is Q stably essential.

We turn now to the converse. Suppose S is a Q-stably essential set with a germ E.Let E= g‘l(E) Then E
is a closed subset of € with E, = {0} x S. Given a basis U of neighborhoods V of EO in E such that V\9E is
connected, let 7" be the collection of g~ (V) for V e /. Then g~ (V)\GE, is a connected set because it is the
image of V\OE . % (0, 1)* under the map ¢ described in the last paragraph. Also % is a basis of neighborhoods
of E, in E because the sets E for W € W form a basis of neighborhoods of E0 in E whose inverse images
under g are the sets p~'(W)NE, W € W, which form a basis of neighborhoods of E, in E. Hence, E satisfies
the connectedness condition. F1nally, the essentiality condition for E follows as above: The essentiality of p for
some W € W implies that of p* defined above. Lemma A.6 now shows that the restriction of p to E,, is stably
essential. Because W is a neighborhood of 0, it contains Py for some small 6 > 0 and Lemma A.5 y1e1ds the
result. O
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Reworking the two proofs in this section for the case of homotopy stability reveals the following relationships
among the four concepts that obtain from using these four spaces of perturbations. Definition 2.3 is equivalent
to the definition using P. Likewise the definitions using P’ and P’ are equivalent to one another and imply
Definition 2.3. Also Definition 2.3 implies 0- -homotopy stability. It seems likely that Definition 2.3 does not
imply P’-homotopy stable and that it is not implied by Q—homotopy stability. Indeed, given that €’ and € are
“suspensions” of € and %, respectively, one would need essentiality of at least a few higher order suspensions
of projection maps to be essential for these two results to hold.

Appendix E. Generic extensive-form games. In this appendix we show that metastability is equivalent to
Mertens’ stability for games in extensive form with perfect recall and generic payoffs. Specifically, the result
obtains as a corollary to the main result of the appendix, which is that for such games the outcomes of Mertens’
stable sets remain the same if homological essentiality is replaced by homotopic essentiality.

E.1. Formulation. We consider a fixed finite N-player game tree 7 = (X, <; N, U; g,) with perfect recall.
The set of players is N and the set of nodes is X. The precedence relation < on X is acyclic, totally orders
the predecessors of each node, and has a single root. The set Z C X of terminal nodes comprises those with
no successors. The partition U of X\Z divides the set of non-terminal nodes into information sets that are the
contingencies in which players and nature choose actions; o, is the mixed strategy of nature. For each player
ne N, U, C U is the (nonempty) collection of his information sets. For each n and each u € U,, let A,(u) be
the set of player n’s actions at u. Let A, = J,cy, A,(u) be the entire set of n’s actions, all labeled differently.
For x € X and u € U, write u < x if there is a node in u that precedes x. Likewise, (u, i) < x, or simply
i < x, if x succeeds a node in u after action i at u. Because I has perfect recall, if a node of an information
set u’ € U, of player n succeeds another u € U, by a choice of action i then every node of u’ succeeds u
by the choice of i. In this case, we write (u,i) < u/, or simply i < u’. Player n’s set of pure strategies is
{s,: U,— A, |s,(u) € A,(u) Yu e U,}. His set 3, of mixed strategies is the set of probability distributions on
his pure strategies.

Given the game tree J, an extensive-form game G is specified by assigning for each n € / and z € Z a payoff
G,. to player n at the terminal node z. Thus the space of extensive-form games generated by 7 is G = R"*%.
It is well known (Kreps and Wilson [16], Govindan and Wilson [6]) that a generic extensive-form game with
perfect recall has finitely many outcomes from Nash equilibria. That is, there exists a closed lower dimensional
semialgebraic subset G, of ¢ such that each game G € 6\G, has finitely many equilibrium outcomes; in
particular, all equilibria in each connected set of equilibria have the same outcome.

Because J has perfect recall, by Kuhn’s [17] theorem every mixed strategy of a player can be implemented
by a behavioral strategy. In Govindan and Wilson [7] we introduced the set of enabling strategies, essentially
equivalent to sequence-form strategies, which has the dimensional advantage of behavioral strategies and the
linearity advantage of mixed strategies. Enabling strategies slightly refine the sequence-form strategies introduced
by Koller and Megiddo [14], Koller et al. [15], von Stengel [30] for two-player games.

Enabling strategies are defined as follows. First, for each u € U, define E,(u) to be the set of n’s pure
strategies that enable the contingency u to occur, i.e., E, (1) is the set of n’s pure strategies s, such that s, (1) =i
for each (u', i") < 1 and thus do not exclude u. Also for each action i € A, (u), let E,(u, i) C E, (u) be the subset
that enable u and choose i at u. Say that an action i € A, is a last action for n preceding z € Z if: i < z, and
u 4 z for all u € U, such that i < u. For each z € Z, let £,(z) be the set of n’s last actions preceding z, which is
a singleton set when nonempty. Let L, =, £, (z) be the set of player n’s last actions. Define m,: %, — [0, 1"
as follows: For each o, € %, and each last action i € L,, 7,,(0,) =3, £ (1) ,(5,), Where u is the unique
information set in U, with i € A, (u). The set En =m,(3,) is the set of player n’s enabling strategies. Because
7, is linear and %, is a compact and convex polyhedron, 3, is also a compact convex polyhedron. Its vertices are
the “pure” enabling strategies, each identified by the terminal nodes it does not exclude. Define 7 = (), y and
2 = Hne N 2n ~

Given an extensive-form game G € G, we use G to denote the corresponding enabling-form game in
which each player n’s strategy space is 2,, and his expected payoff from & € 3, is

G(3)=)G,.0() [l Tu(t,(2)

z€Z m: €, (2)#2

where o,(z) is the product of the probabilities of the actions of nature that precede z, with the convention
that o,(z) =1 if there is no such action. The strategic and enabling forms of the extensive-form game G are
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equivalent in that the payoffs from a mixed strategy profile o in the strategic form of G are the payoffs from
the profile & = (o) of enabling strategies in its enabling form G. Thus, o €3 is an equilibrium of G if and
only if & is an equilibrium of G.In particular, for each G € 6\5, all equilibria in a connected set of equilibria
of its enabling-form G induce the same outcome.

E.2. Stable sets of the enabling-form game. For each ¢ € (0, 1] let P, = [0, £] x S and let 4P, be its relative
boundary. Given an extensive-form game G € 6 and (6,7) € Pl, define analogously the perturbed enabling-form
game G(S T) to be the enabhng -form game where the strategy set is the set % of enabling strategies in G, but
the payoffs from a profile & are the payoffs from the profile (1 —8)d + 67 in G. Let %(G) be the graph of the
equilibrium correspondence over the space P of perturbations; viz.,

E(G)={(8,7, &) e P, x 3|7 is an equilibrium of G(5, 7)}.

Due to the equivalence between G and G, for each (8, 7) € P,, o is a Nash equilibrium of G (8, 7) if and only
if (o) is a Nash equilibrium of G (8, 7(7)). Therefore, there is a well-defined map ¢: E(G) — é(G) given
by ¢(8, 7, 0) = (8, w(), w()). Using the equilibrium graph €(G) and the projection map j from €(G) to P,
(instead of E(G) and p) in Definitions 2.3 and 5.2, one obtains analogous definitions of the h-stable and *-stable
sets of G represented as enabling strategies. Recall from §5 that O-stable sets are defined exactly like *-stability
except that the cohomological essentiality uses the field of rational numbers. We can now define O-stable sets
of G just like x-stable sets. To avoid confusion, we will specify whether stability is with respect to G using
perturbations of mixed strategies, or G using perturbations of enabling strategies as here. Lemmas E.1 and E.2
establish the relationship between stability for G and stability for G.

E.3. Statement of the theorem. Consider now an 0O-stable or h-stable set S, of a generic extensive-form
game G € G\G,. Because G has finitely many equilibrium outcomes, and S, is a connected set due to the
connectedness property, all the strategy profiles in S, induce the same outcome, which is then called a 0-stable
or h-stable outcome of G, respectively. The O-stable or h-stable outcomes of G’s enabling-form G are defined
analogously. Our main result in this appendix is the following theorem.

THEOREM E.1. There exists a lower dimensional semialgebraic subset ‘G, of G such that for each game
G € 6\(6,UG,) an equilibrium outcome is h-stable for G if and only if it is O-stable for G.

That is, the class of extensive-form games with perfect recall for which the O-stable and h-stable outcomes
coincide is generic. The plan of the proof is the following. The “if” part of the theorem is obvious because
O-stability is a stronger refinement than h-stability. The proof of the “only if” part involves three steps. Consider
a generic game G € 6\'G, whose enabling form is G. The first step shows that an outcome is O-stable for G if
and only if it is O-stable for G, and that it is h-stable for G only if it is h-stable for G. This is accomplished via
two lemmas that are phrased in slightly more general terms in that they deal with the stable sets of any game
in 6. Thanks to this step, it is sufficient to show that there exists a lower dimensional semialgebraic subset G,
of G such that if G € 6\(%,U%,) and an outcome is h-stable for G, then it is O-stable for G.

A structure theorem for extensive-form games (Govindan and Wilson [7, Theorem 5.2]) implies that there
exists a lower dimensional semialgebraic subset G, of 6 such that if G ¢ 6, then the graph C<€(G) of its
equilibrium correspondence over P has the same dimension as P This already shows that an h-stable outcome
of G is *-stable. However, the fact that %(G) and P have the same dimension does not suffice. The potential
problem is that a germ that renders an outcome h-stable might, for instance, be a nonorientable manifold, and a
cycle (mod 2) in the germ could project to a cycle (mod 2) in P,. To show that this is not the case, the second
step shows that for all small & > 0, '%S(G) (actually, the closure of ‘%;(G)\&%;(G)) is a finite union of orientable
pseudomanifolds. These pseudomanifolds are shown to satisfy the connectedness condition for stability, and the
intersection of any two of them lies in 8% (G). Equipped with this result, the third step establishes the O-stability
of h-stable outcomes of G as follows. The third step shows that a germ that makes an outcome h-stable for G
must be contained in one of these pseudomanifolds, say T. The projection from T satisfies the essentiality
condition for h-stability because it contains the germ that does. The fact that T is orientable then implies that
the projection map is essential in cohomology with coefficients in Q.

E.4. Relation between stable sets of G and G. Because the equilibria of G and G are equivalent, the
ordinality property for O-stability (Mertens [24, Proposition 11]) provides the following result.
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LEmMmA E.1. If S is an O-stable set of G, then (S) is an O-stable set of G. And if S is an O-stable set of
G, then 7T_1(S) is the union of those 0-stable sets of G whose image under  is S.

Regarding h-stability, we obtain the following partial result for an arbitrary extensive-form game G, although
Lemma E.1 and later Lemma E.4 show that if G is generic, then the h-stable outcomes of G and G are the
same.

LEmMMA E2. If S is an h-stable set of G then w(S) is an h-stable set of G.

Proor. Let S be an h-stable set of G and let E be a germ as in Definition 2.3. Let E = ¢(E). Obviously
E is a closed subset of %(G) and 7(§)={c[3(0,7,0) € E E}. We prove that E satisfies the essentiality and
connectedness conditions for h-stability in G as in Definition 2.3.

_Fix & such that the projection p from E, is essential in homotopy. We claim that the projection p: (E OE, L) —
( 8P) is essential in homotopy. By Lemma A4, to prove this claim it is sufficient to show that for each
continuous map f . — P there is a point of coincidence between f and p. Accordingly, fix such a map f
The map from P, to Ps that sends (6, 7) to (8, (7)) is a surjective affine map between polyhedra; hence its
inverse has a continuous selection & by Lemma 4.1. Then Ao f o ¢ is a well-defined continuous map from E,
to P.. Because p is essential in homotopy, by Lemma A.3 it has a point of coincidence with % o f o ¢; ie.,
there exists (0, 7, ) € E, such that (6,7)=h ofod(8,7,0). Then (8, (1)) =h"'(8,7)=fod(8,7,0)=
f(8,7(t), w(a)), so (8, 7(r), w(c)) is a point of coincidence between p, and f. Thus j is essential in
homotopy as claimed.

We turn now to the connectedness condition. Let U be a neighborhood of 7(S) in E,ie, Uisa neighbor-
hood of {(0, 7, &) € E | & € w(S)} in E. Pick a closed neighborhood V € U of 7r(S) in E. Then V = ENg~"(V)
is a closed neighborhood of S in E that is contained in ¢! (l7 ). By the connectedness condition for E there
exists a connected component of V\JE, whose closure—call it W—is a neighborhood of S in E. Obviously,
W is contained ¢~ '(U). Let W = ¢(W), then W is contained in U, and it is a neighborhood of 7(S) in E-
indeed, because W is a neighborhood of S in E, there exists & such that W contains E_, W then contains the
neighborhood Es of 7(S) in E. Finally, we show that VT/\GEI is connected and dense in W, which proves
the connectedness condition because the closure of the connected component of U\JE, that contains W\JE,
contains the neighborhood W of r(S) in E. Let W = W N ¢~ (W\JE,). Because W\IE, is contained in W’
and is connected and dense in W, W’ is connected and dense in W. Hence W\aﬁl is connected and dense in W.
Thus E satisfies the connectedness condition as well and 7r(S) is h-stable in G. O

E.5. The structure of %(G) The results of the previous subsection reduce the problem to analyzing the
relationship between 0-stability and h-stability in G. We prove here a useful lemma concerning the structure of
%(G) for a generic game G that will help show the equivalence between the two stability concepts in G.

Before stating and proving the lemma, we introduce some additional notation. Let €= {(G,(6,7,0))|Ges,
(6,7,0) € %(G)} For each G, its equilibrium graph %(G) corresponds to the cross-section of € over the
game G. For each ¢ € (0, 1] let (?9 IE ;) be the inverse image of (P, ,0P ) in € under the natural projection
to P Finally, let k be the dimension of P

The sets we construct later to show O-stability of h-stable outcomes are all compact and semialgebraic;
in particular, they are compact polyhedra. Hence all cohomology theories on such sets coincide. Given this,
even though the definition of stability requires Cech cohomology, we can use the singular cohomology theory.
Accordingly, in what follows we use the singular cohomology and homology theories with integer coefficients.

LeEMMA E.3.  There exists a lower dimensional semialgebraic subset ‘G, of G such that for each G € 6\'G,
there exist g, > 0, a positive integer J, and for each i=1,...,J, a k-dimensional semialgebraic subset T of
%(G) such that for each 0 < & < g:

(1) T‘\&T’ is connected and dense in T! for each i.

(ii) T’ N Tf C €, 1(G) for i #j.

(iii) U,(TAOT) = Z,(G\I%,(G).

(iv) HX(T!, dT}) ~ Z for each i.

Proor. If & is an equilibrium of G(6 7), then say that & = (1 — 8)7 + 07 is a perturbed equilibrium_of
G(3, 7) For each & > 0, let €, (resp. 9€,) be the set of (G, 8, 7, &) such that (8, 7) belongs to P, (resp. dP,),
and & is a perturbed equilibrium of G(8, 7). Obviously, there is a homeomorphism between (%,, d%,) and
(,,0%,).

For a fixed (8,7) € P1\8P1, we show in Govindan and Wilson [7, Theorem 5.2] that there is a homeo-
morphism % - between {(G,8,7, &) € €,} and 6. Moreover, it follows from the construction there that the
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homeomorphism is itself a continuous function of the parameters (6, 7). Thus there exists a homeomorphism
P E\IE, — € x (P\dP,) given by (G, 5,7 0') = (5.:(G,6,7 6') (6, 7)). Because €, is homeomorphic
to %l, there is a homeomorphlsm l/l between %1\8%1 and € x (P,\dP,).

Let (€,9€) = Ueeco, 1)({s} X (%E, kA .)). Then € is a semialgebraic set. Clearly, €\d%€ is open in €, and it is
homeomorphlc to (0,1) x G x (Pl\aP) using the map that sends (&, G, 8,7, &) to (¢, (G, 8, 7, &)), where
g=(1-8)"(-9). Therefore €\d€ is homeomorphic to RN **+!,

Let # = (0, 1) x G and define the projection ¢q: € — # by ¢(¢, (G, 8,7, 7)) = (e, G). By the generic local
triviality theorem (Bochnak et al. [2, Theorem 9.3.2]) there exists a closed lower dimensional semialgebraic
subset #, of # such that for each component C of #\¥,, there exists a closed semialgebraic pair (F, dF)
and a semialgebraic homeomorphism ¢: C x (F,dF) — (¢~'(C), ¢~'(C) N d€), such that g o ¢ = proj,.. For
each G, the set of € such that (g, G) € #, is a semialgebraic set and has finitely many connected components;
therefore, there exists 0 < & < 1 such that (0, £] x {G} belongs to #, or #\#,. Let G, be the set of games G
such that there exists & > 0 such that (0, £] x {G} is contained in %,. (We then have that for each G ¢ G, there
exists € such that (0, &] x {G} belongs to #\#,.) Obviously G, is a semialgebraic set. Because the dimension
of #, is at most NZ, an application of Govindan and McLennan [4, Proposition 4.8] to the projection map from
#,N((0,1) x G,) to G, shows that the dimension of 4, is at most NZ — 1.

Now fix G € 6\4,. As we saw above, (0, €] x {G} is contained in #\#, for some & > 0. There now exists
a component C of #\#, such that (0, &] x {G} C C. Let (F, dF) and ¢ be as in the previous paragraph. As C
is open in #, g~'(C) is open in €. Because ?@\6% is an open subset of € that has dimension NZ + k + 1, we
now have that q"(C)\B% is an open subset of € and, evidently being nonempty, has dimension NZ + k + 1.
Because ¢ is a homeomorphism, C x (F\dF) is an open (NZ + k + 1)-dimensional subset of C x F. Therefore,
F\OF is open in F; C, being a nonempty open subset of #\#,, has dimension NZ + 1, which implies that
F\OF has dimension k. To summarize, F\dF is an open k-dimensional semialgebraic subset of F.

ProPOSITION E.1.  There exists a positive integer J and for each 1 <i <J a compact and semialgebraic pair
(F',0F") C (F, dF), with dim(F") =k, such that:
(i) F'\OF' is connected and dense in F' for each i.
(ii) FINF/ CJF for j#i.
(iii) U;(F'\OF") = F\oF
(iv) H¥(F', dF") ~ Z for each i.

PROOF OF PROPOSITION. Because F\JF is semialgebraic, it has finitely many connected components, say F%,
1 <i < J. For each i, denote the closure of F% by F'. F' is then a compact semialgebraic subset of F. Because
F\OF is open in F, F% is open in F, and ¢(C x F) is an open subset of €\d%¢, which is (NZ + k + 1)-
dimensional. As was the case with F, this implies that F%, and hence also its closure F', is k-dimensional. Let
dF = F'\F%. 9F' is a closed semialgebraic subset of dF. The first three enumerated points of the claim follow
readily from the definition of the pairs (F', dF").

Finally, we show that H*(F', 9F") ~ Z for each i. Let B be a closed ball in C and let 3B be its boundary.
(Such a ball exists because C is open in #.) Then (B\dB) x (F'\dF') is homeomorphic to an open connected
subset of R¥?+*+1 because it is connected and its image under ¢ is an open subset of €\J€. Let (M', IM') =
(B, dB) x (F', 0F"). Because (M', dIM") and (B, dB) are polyhedral pairs, the Kiinneth formula for cohomology
(Spanier [28, Theorem V.5.11]) yields the following short sequence:

0— € H(B,IB)®H!(F',0F')— H"*""'(M',oM")—~ @  H'(B,dB)xH/(F',0F')—0.
p+g=NZ+k+1 p+q=NZ+k+2

Because (B, dB) is an (NZ + 1)-ball, H"(B, dB) is Z if n = NZ + 1 and zero otherwise. Also, H**'(F!, dF") is
zero, because F' is k-dimensional. Therefore, the above sequence implies that HV* 1 (M, dM') ~ H*(F', dF").
It is sufficient to show that H¥?**+1(M!, dM") ~ Z. Because it is homeomorphic to an open subset of RVZ+++1,
M"\dM' is an orientable manifold. Therefore, by Spanier [28, Theorem 6.2.19 (the Lefschetz duality theorem) and
Theorem 6.1.11]), H¥?***+1 (M, 9M") is isomorphic to Hy(M'\dM"). The latter group is isomorphic to Z because
M"\dM' is a connected set, and hence path connected because it is semialgebraic. Therefore, H¥N 1 (M, oM’
~ Z, which completes the proof of the proposition. [

Continuing the proof of the lemma, let ¢;: (0, €] x F — (0, &] x %Es(g) be the map defined by ¢; (e, f) =
(e, 1), where 1 =proj; .5¢(&, G, f). For each 0 < £ <&, let ¢; ,: F — €5(G) be the map ¢ .(f) = ¢g (&, f).
Clearly, for each ¢, and 1 <i <J, ¢ , maps (F', JF') homeomorphically onto its image in (%:(G), G%E(G));
moreover, @ ,(F\0F) = €,(G)\d%,(G). The image under ¢ , of the sets F'\dF', which are the connected
components of F\dF, are therefore the connected components of ‘%S(G)\é’%s(G).
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For each i, let (77, aT") be the image of (F', dF') under @, - By the corresponding properties for the F's i
each T' is a closed k-dimensional semialgebraic set such that T’\GT’ is connected and dense in 7/, T'N T/ C
d%,(G) for j#i, and U(TN\ITH) = €,(G\I%,(G).

Choose 0 < g, < &. For each 0 < ¢ < g;,, we will prove that T;’ satisfies the four enumerated properties.
Property (2) follows from the fact that T'nTicoe, :(G) for j# i, and property (3) follows from the fact that
U, (T\OT") = (G)\a% (G). The other two propertles follow from the analogous properties for the F's if we
show that for each i and 0 < & < &, @ ,(F') =T,

For each i and 0 < & < &, to show that ¢ ,(F') = T, observe first that ¢ ,(F'\0F') is contained in T,\d7,
because projz , s © oc([&, &] x F\dF') is a connected subset of %;(G) that intersects the connected component
TN\OT; of €, (G)\&?S(G)(G) by the definition of T'. Because FI\dF' is dense in F' and T' is closed, we have
that ¢; (F') C T’ To show the reverse inclusion, fix ¢ € Tl Because 7°\dT" is dense in T", there exists a
sequence 1" € T’\(?T’ converging to 7. There now exists a sequence " converging to & such that 1" € Ta’,,\(?T’n
all along the sequence. For j # i, and each n, t" & ¢ ,.(F’) since T'NT coT' and @i o (F7), as we saw
above, is contained in 7/. Because U; @6, en (F/\IF') = r%;n(G)\c?“g‘g”(G), there must exist f” € F' such that
t"=@g(e", f"). Going to a subsequence if necessary, let f be the limit of the sequence f”. Then 1 = ¢, .(f),
and thus T/ C ¢, (F). O

One can actually show for each i and 0 < ¢ < g, that (i", 8T"€") is an orientable k-dimensional pseudomanifold
with boundary. To show this it is sufficient to show that the pair (F, 3F’) constructed in Proposition E.1 is an
orientable k-dimensional pseudomanifold with boundary. Let B be the ball defined in the last paragraph of the
proof of Proposition E.1. As we saw there, (B\dB) x (F'\JF") is a manifold of dimension NZ + k + 1. Therefore,
for each b € B\dB and f € F\oF', HN**K+1((B, B—b) x (F', F' — f)) ~ Z. Using the Kiinneth formula we then
have that H*(F', F' — f) ~ Z for each f € F'\F'. Thus, F'\0F' is a homology k-manifold. Because (F', F")
is a polyhedral pair, it is a k-dimensional pseudomanifold. Also, it is orientable because H*(F', dF') ~ Z, hence
the result. It is not clear if i‘ is actually a manifold with boundary.

E.6. Proof of the Theorem. The “if” part of Theorem E.1 follows from the fact that essentiality in coho-
mology implies that in homotopy. The “only if” part of the theorem follows from Lemma E.4 along with
Lemmas E.1 and E.2.

LEmMA E4.  For a game G € 6\(6,UG,), if an outcome is h-stable in G, then it is O-stable in G.

Proof. Fix a game G € 6\(6,U G,) and let S be an h-stable set of equilibria in G. We show that there
exists an O-stable set of G that contains S and is therefore outcome equivalent to S.

Because S is h-stable in G, there exists a subset E of %(G) that satisfies the conditions for h-stability and
S ={&1]3(0,7, &)} € E. By Lemma E.3, there exists &, > 0 and semialgebraic sets 7' with the properties
described there. By the connectedness condition for E and properties 2 and 3 of Lemma E.3, there exist a unique
i and 0 < &, < g, such that Es, is contained in T";l. For simplicity in notation, we refer to T simply as T. We
prove that 7y = {& | 3(0, 7, &) € T} is an O-stable set of G: because it contains S, that completes the proof of
the lemma.

Observe that 7" satisfies the connectedness condition for 0O-stability in G by property 1 of Lemma E.3. Hence
it is sufficient to prove that it satisfies the essentiality condition. As mentioned after Definition 2.3, the set E
that renders S h-stable in G also satisfies the condition for essentiality in homotopy for all sufficiently small e.
Fix £ < ¢, where ¢, is as described above, such that the projection from (E IE, ) is essential in homotopy.
Because 7' contains Es, D: ( , 0T, L) —> ( ,0P ) is essential in homotopy; see Remark A.1. Observe that T isa
semialgebraic subset of the k- d1mens1onal set T, by property 4 of Lemma E.3, it is therefore k-dimensional, just
like the set P Therefore, using the theorem in Mertens [22 §4E] the fact that the projection from T is essential
in homotopy now implies that p*: H k( ,0P ) — H k( 8T) is nonzero. Again because T is k-dimensional,
the universal coefficient theorem (Spamer [28, V.5.10]) shows that the following diagram commutes:

H*(P,,0P)®@ @ —> H*(P,,dP,; Q)
ﬁ*®1\l/ ﬁ*\l’

HNT,,0T,) @ Q@ —> HY(T,,0T.; Q).
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Because p* is nonzero in cohomology with integer coefficients and H*(T,, 87:6) ~ Z, p* ® 1 above is nonzero.
Hence p* is nonzero in cohomology with coefficients in @. Thus we have shown that T satisfies the conditions
for O-stability in G. O

Observe that for generic extensive-form games, metastability and stable essentiality induce the same set of
outcomes. Indeed, this follows from the fact that metastable sets are obtained by taking Hausdorff limits of
stably essential sets, and that these sets are connected sets of equilibria. Also, stable essentiality is a stronger
refinement than h-stability. Finally, O-stability is a stronger refinement than *-stability, which in turn is stronger
than metastability. Therefore, we obtain the following corollary.

CoRrOLLARY E.1. For a generic extensive-form game with perfect recall, an outcome is 0-stable if and only
if it is *-stable, and the sets of metastable outcomes and stably essential outcomes coincide with the set of
x-stable outcomes.
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