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Abstract

A competitive economy is studied in which sellers o�er alternative direct

mechanisms to buyers who have private information about their own private

use value for the commodity being traded. In addition the commodity has a

common value to all buyers, perhaps represented by the future resale value

of the commodity. A competitive equilibrium in mechanisms is described.

In every such equilibrium it is shown that sellers must o�er mechanisms

that are allocationally equivalent to English ascending price auctions. The

reservation prices that sellers set are shown to be below their ex post cost

of trading the commodity.

1. Introduction

One of the variables that auction designers can use to extract buyer surplus is the

reserve price. Increasing the reserve price raises the price that the winning bidder

will pay on average at the cost of reducing the number of low valuation bidders
who participate. Observed reserve prices are often very di�erent from what the
theory predicts that they should be. For example [6] report that reserve prices

for real estate auctions ran as low as 50% of the appraised value of houses being



sold. More often than not, reserve prices are kept secret. For example [3] study

�rst price sealed bid timber auctions in France where reserve prices are secret.

Explanations for these phenomena usually have something to do with buyer

participation (for example [9]). For instance, low or undeclared reserve prices

encourage participation by low valuation buyers whose behavior might convey

valuable information to higher valuation bidders worried about the winner's curse.

The trade-o� between the reserve price and buyer participation is also central to

the argument in [1] who show that in a common value environment similar to the

one discussed in this paper, a seller should always be willing to switch from the

optimal reserve price to a reserve price equal to his cost, if this deviation is sure
to bring the seller one additional bidder.

The idea that reserve prices might a�ect participation suggests that bidders
have alternatives, or that the auction environment is at least partly competitive.

In the real estate auctions discussed in [6], for example, buyers always have the
option of buying on the usual real estate market instead of participating in the
Federal Deposit Insurance Corporation Auctions. In the takeover procedure dis-
cussed by [1], potential buyers for a �rm have many alternative ways to invest
their money. Certainly participants in timber auctions can procure alternative

lumber supplies in nearby regions.
These considerations suggest that the appropriate way to model the trade-o�

between seller reserve prices and buyer participation might be in a competitive
model. Recently ([5, 8]) a competitive model of competition among mechanism
designers has been developed for the case where buyer valuations are indepen-

dently distributed. The di�culty that arises in applying these results is that the
real estate and share auctions discussed above both have important common value
aspects that have not been addressed in the literature.

The purpose of this paper is to apply the competitive approach suggested

in the literature to a problem where objects traded have an important common

value component. We allow sellers to use any negotiation scheme that they �nd

pro�table. Provided that the seller's valuation for the object being traded is not

too sensitive to buyers' information, all sellers use mechanisms that are alloca-
tionally equivalent to English auctions with reserve prices. Attention is focussed

on the reserve prices that prevail in this equilibrium. They are set equal to the
seller's expected opportunity cost of sale conditional on the event that only a

single 'marginal' buyer1 participates in the seller's mechanism. This reserve price

1A `marginal' buyer is a buyer who is just indi�erent about whether or not he trades at the
reserve price once he learns that he is the only buyer participating.
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is considerably lower than the one that is optimal when the seller's demand is in-

dependent of his mechanism (as is typically assumed in the theory of mechanism

design).

The quali�er 'marginal' is key to this result. A buyer is 'marginal' if he is

just indi�erent about whether or not to trade at the reserve price (equal to the

seller's opportunity cost). This has two interesting implications. First, if the seller

�nds only a single potential buyer, then that buyer's valuation will on average be

considerably higher than the marginal buyer's valuation. That is because the

marginal buyer has the lowest possible valuation that is consistent with trade.

Thus the seller will regret in a very strong sense having to trade with the buyer.
He regrets it because the price he actually receives will be below his ex post
opportunity cost of trade. This �nding may explain the tendency for assets (like
buildings) to be sold to a single bidder then subsequently resold at much higher

prices. The original seller in such circumstances held the reserve price low to
attract bidders, but was then unlucky enough to be contacted by only a single
bidder.

Secondly, the reserve price is set equal to the seller's opportunity cost condi-
tional on having only a single bidder who is then indi�erent about trading at that

reserve price. For the bidder to be indi�erent, he must, in fact, have a quite a
low valuation. This outcome is much worse news than the fact that there are no
bidders at all, since it is quite likely that there are many bidders with high valu-
ations who simply chose other alternatives. So suppose sellers' opportunity cost
is simply the discounted value of the price at which they can expect to sell in the

future. Suppose further that the seller's estimate of this resale price conditional
on having no buyers is an unbiased estimate of the objects true resale value. Then
the seller's equilibrium reserve price will be below the average resale price of an
unsold object. This helps explain the [6] �nding that reserve prices in the FDIC

auctions ended up so far below the average resale price of unsold houses.

Independent private values is a special case of the model considered here.

Competition in this environment has been considered by [5] who shows that second

price auctions are equilibriummechanisms. One contribution of the current paper
is to extend this result to a common value environment. However, the description

of a competitive equilibrium is more transparent here. This makes the trade-o�
between demand and the mechanism that the seller uses easier to understand.

Furthermore, the proof of the main theorem presented here, when applied to the
independent private value case is quite di�erent from the proof in McAfee. So

this paper should be viewed as an illustration of how powerful the competitive
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model of contract markets is when applied to informational environments more

complicated than the one considered in [5].

2. The Model

2.1. Basics

There is a �nite number J of sellers, each of whom owns a single unit of a ho-

mogenous and indivisible commodity. Seller j has a type represented by a real

number sj. The seller's type a�ects his valuation for the homogenous commodity

that sellers wish to trade. It will be assumed that the sellers' types are all com-
mon knowledge though the model could be extended to allow this to be private
information.

There are I = kJ buyers participating in the market, where k is a �xed �nite
ratio of buyers to sellers. Buyers all have private information characterized by

their type. The type of buyer i is bi 2 [0; 1]. It is assumed that buyers' types
are identically and independently distributed according to some distribution F .
This distribution is assumed to have a support equal to [0; 1] and to possess a well
de�ned density function f . Let b = fb1; : : : ; bkJg denote the vector of buyer types
for all the buyers in the population. Types might represent buyers valuations for
the commodity as in a private value model. Alternatively, these types might be

information that buyers have about the common value of the commodity.
Buyers and sellers' valuations for the unit of output being traded depend on

the private information of all the other buyers and sellers. Since seller types
are assumed to be common knowledge, no generality is lost by suppressing the
notation that describes this relationship. So let V (bi; b�i) and U (b; sj) represent

the ex post valuations2 of a buyer i with valuation bi and a seller j with valuation

sj respectively.
To get a precise characterization of the equilibrium below it will be assumed

that the valuation functions are additively separable in the sense that

V (bi; b�i) = v (bi) + 
 (b�i)

and
U (bi; b�i; sj) = sj +  (bi) + 
 (b�i)

2The fact that buyers' and sellers' valuations depend on the types of all of the sellers in the
market is simply embedded in the functions V and U .
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where v (�),  (�) and 
 (�) are all non-decreasing functions that vanish at 0..

For example, the goods being traded might be treasury bills held by di�erent

brokers. The bills are all close substitutes and each buyer gets an idiosyncratic

payo� associated with his own diversi�cation requirement plus the future resale

value of the bill which is given by the average valuation of each of the investors,

i.e., V (bi; b�i) = �v (bi) +
PI

j=1 bj=I . The seller gets only the market value of the

treasury bill so that U (bi; b�i; sj) =
PI

j=1 bj=I � sj. In this case  (bi) = bi=I and


 (b�i) =
P

j 6=i bj=I and v (bi) = �v (bi) + bi=I. Alternatively, imagine v (bi) to be

the current 
ow of utility buyer i gets from using the services of some durable good

(like a house) for one period. Let 
 denote the expected payment that any trader

can extract from a market consisting of some random subset of the I � 1 buyers
who fail to trade in the current period assuming that current buyers valuations
are given by b�i. Then for the seller  (bi) is the expected payo� that the seller
can get if he convinces i to deal with him in the following period. If this event
does not occur, then the seller gets the same expected payment 
 (b�i) from the
other buyers as buyer i would.

The valuation functions are assumed to be di�erentiable everywhere and non-
decreasing in each of their arguments. Furthermore, it is assumed throughout
that the di�erence between these functions is monotonically increasing in it's �rst
argument, i.e.,

@V (bi; b�i)

@bi
�
@U (bi; b�i; sj)

@bi
> 0

Not only is the value of the commodity increasing in the signal observed by the
buyer with whom trade occurs, but in addition, the gain to exchange is also an
increasing function of this signal3.

Buyers and sellers are assumed to be risk neutral, so if a buyer with type bi
trades with a seller having information sj at a price p, the expected payo� each

receives is

EV (bi; b�i)� p

for the buyer and
p �EU (bi; b�i; sj)

for the seller. The expectation is taken conditional on all of the information that

the traders have available at the time that they trade.

3This is trivially true for the case usually discussed in the literature in which the seller's use
value for the commodity is zero independent of the buyers' information.
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2.2. The market process

The market process4 that determines all trades now proceeds. At the beginning

of the game, each seller o�ers a direct mechanism to buyers. A mechanism is

described in more detail below, but basically it describes how the seller will deter-

mine a price and trading partner (if there is one) among the buyers who visit him.

The outcome will depend on messages that the buyers send to the sellers. For

example, the seller could promise to hold an auction with a �xed reserve price.

Alternatively he could simply o�er his unit of output at a �xed price

Once the buyers see the mechanisms that are being o�ered by sellers, they

select one and only one seller as a potential trading partner. Thus, sellers can
try to attract buyers by modifying the mechanisms they o�er. In the real estate
example, sellers might consider lowering the list price, or reducing the probability

that a buyer will face competition from other buyers.
After buyers select sellers, they communicate with the sellers they have chosen

as speci�ed by the seller's announced mechanism. Trades and payments occur,
then the game ends. The problem is similar to any static mechanism design
problem except for the fact that buyers have many alternative suppliers to whom

they might turn, and sellers recognize this5.

2.3. Direct Mechanisms

It is assumed here that sellers o�ers buyers direct mechanisms in which buyers
are asked to report the signals that they have observed to the seller.6 The only
complication involved with this arises from the fact that the seller does not know
which buyers will ultimately communicate with him. Here the convention used

is that there is a signal b; that buyers can use to report to a seller that they

4It would be appropriate to call this process a game form, but as will be seen, the solution
concept will not be Nash in the usual sense. Rather competitive ideas will be employed. For
this reason it seems preferable to refer to the market process.

5It is not di�cult to convert this problem to a dynamic one in which buyers and sellers who
fail to trade right away, can try to do so again in the following period. This extension is straight-
forward provided it is reasonable to assume that buyers and sellers believe that their current
actions have no impact on future payo�s (which is reasonable in the large game environment
that we study here).

6The revelation principle requires that buyers report their `types' to sellers, not just their
signals. There may be a di�erence if buyers have better information about the mechanisms on
o�er in the market than sellers do.
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have or are planning to communicate with someone else.7 In this formulation, the

seller designs a mechanism that is o�ered to all of the buyers in the market. All

buyers in the market will report to the seller, though some will report the type b;,

which means that they have no interest in participating in the seller's mechanism.

The space from which buyer i0s valuation is drawn can be simply thought of as

[0; 1] [ b; � Bi. The space of types for all the buyers is B =
QI

i=1Bi. The

decision to participate is endogenous, so that the probability distribution over B

perceived by the seller is endogenous, as will be described momentarily. It will

also be convenient to assume that b; is a number that is smaller than any number

in [0; 1] so that a buyer who decides not to participate in the seller's mechanism is
treated as if he has a signal that is lower than the signals of any buyer who does
decide to participate.

A mechanism � is a mapping from the set B into the set of I + 1 vectors

fpj ; qjg. The mechanism � speci�es the probability with which each buyer will
trade with the seller, and the transfer that each buyer will make to the seller. So
for example, qij (b) is the probability that buyer i will trade with seller j when
the vector of reports by the buyers is given by b. The vectors lie in RI+1 because
the seller might decide not to trade with any of the buyers who have currently

contacted him.
With this latter convention, the mechanism must require that the sum of the

assignment probabilities is one, and that the trading probability and transfer
must both be zero for any buyer who 'reports' b; to the seller. This means that
bi = b; ) pij (b) = qij (b) = 0 and

PI
n=0 qnj (b) = 1 8b 2 T .

Attention will also be restricted to anonymous mechanisms having the prop-
erty that if b and b0 di�er only in that the ith and mth component have been
interchanged, then qij (b) = qmj (b

0). Anonymity is a restrictive assumption when
sellers can identify individual buyers. For example if the competition among sell-

ers is modelled as a Bayesian game, then sellers are assumed not only to know

who their potential customers are, but also the strategies that these customers

will use to choose among sellers in equilibrium. In the competitive environment

considered here, there is no need to assume that sellers can identify individual
buyers. Since beliefs about buyers are assumed to be symmetric in the competi-

7The fact that a particular buyer does not choose to participate in a particular seller's
auction may be informative to the seller when there are small numbers. Even when there are
large numbers, seller may be able to make inferences about the distribution of buyer types in
the population from the number of buyers who actually choose to bid. These calculations are
demonstrated below.
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tive environment considered here, anonymity is not restrictive. Let � denote the

set of anonymous mechanisms.

2.4. Beliefs

The key problem in the competitive environment is to describe how the seller's

beliefs about the buyers who select him will vary with the mechanism that he

o�ers. It will be assumed that buyers choose symmetrically among sellers us-

ing the strategy � (x) = (�1 (x) ; : : : �J (x)) where �j (x) is the probability with

which a buyer of type x chooses seller j. In equilibrium, this strategy will chosen

as a continuation equilibrium for the subgame that ensues following the sellers
mechanism announcements.

As will be seen shortly, our solution concept does not require that sellers un-
derstand any of this. Instead, it is assumed that each seller j knows the number

of potential buyers I and believes that each potential buyer has a valuation (inde-
pendently) distributed according to a common distribution zj. These beliefs will
be called admissible if there is a function � (�) such that

zj (x) = 1�
Z 1

x
�j (s) dF (s) (2.1)

Notice that if �j (x) > 0 on a set of positive Lebesque measure, then zj (0) > 0,
so this distribution will typically have a mass point at 0. Otherwise, it's density
is well de�ned almost everywhere and is given by z0j (x) = �j (x) f (x). z

I
j (x) is

the probability with which all buyers either have valuations below x or visit some
seller other than seller j.

In equilibrium, sellers' beliefs will be correct and so will coincide with buyer
beliefs. Hence the probability with which any buyer believes that all the other
buyers will either have valuations below x or will choose some seller other than
seller j is given by zI�1j (x).

2.5. Payo�s

Let �j = (pj ; qj) denote seller j
0s mechanism. The expected payo� that a buyer

of type x gets from choosing to participate in the mechanism �j o�ered by seller
j, conditional on the selection strategy �, is given by

�j (x;�j; zj) = Eb�1jxq1j (x; b�1)V (x; b�1)

�Eb�1jxp1j (x; b�1)
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where the expectation is taken using the distribution zj as determined by (2.1).

A mechanism is incentive compatible for buyer strategy � if

�j (x;�j; zj)

� Eb�1jx q1j (x
0; b�1)V (x; b�1)

�Eb�1jx p1j (x
0; b�1)

for all x0 2 [0; 1].

If �j is incentive compatible for the selection strategy �j, then by standard

arguments �j (x;�j; zj) is continuous and increasing. Since �j (x;�j; zj) is mono-
tonic, it is di�erentiable almost everywhere. If (and only if) the signals that buyers
receive are unconditionally independent, then Eb�1jx p1j (x

0; b�1) is independent of

x (it depends only on the buyer's reported x0). In this case the important proper-
ties of (incentive compatible) mechanisms are determined entirely by the trading
probabilities q. So, for example, the derivative of �j (x;�j; zj) with respect to x
(when it exists), is given by

Eb�1jx q1j (x; b�1)
@V (x; b�1)

@x
(2.2)

by the envelope theorem. In particular this implies

�j (x;�j ; zj) = ��j (x;�j; zj) +
Z x

0
�0
j (y) dy

where ��j (x) is almost everywhere constant.
Then using the formula for the derivative, this gives

�j (x;�j; zj) = ��j (x;�j; zj) +Eb�1

Z x

0
q1j (y; b�1)

@V (y; b�1)

@y
dy (2.3)

Thus with independence, any mechanism that gives the good to the buyer

with the highest signal, for example, will yield buyers the same expected payo�
modulo a constant. The function ��j (x;�j; zj) can have a countable number of

discontinuous jumps in it. For example, if �j (x) = 0 over some interval, then
in equilibrium, the payo� available with seller j may be smaller than the market

payo�. At the end of this interval, the payo� could jump up discontinuously
to equal the market payo�. If �j (x) is strictly positive for x above some lower

bound r, then �j (x;�j; zj) will contain only a single jump at this lower bound.
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The lower bound r is just the greatest lower bound on the set of types who choose

to participate in the seller's mechanism with strictly positive probability.

The surplus that seller j enjoys from the incentive compatible mechanism �j
and the selection rule �j is equal to the expected surplus generated by trade with

each buyer, less the surplus that the seller must o�er the buyer to get him to come

in the �rst place. This is

�j (�j ; zj) = kJ fEb fU (b1; b�1; sj) + [V (b1; b�1)� U (b1; b�1; sj)] q1j (b)g

��j (b1;�j; zj)g

where the expectation is taken here using the distribution zj.
Since the �rst term in the expectation is independent of the mechanism that

the seller o�ers, the seller's objective can be reduced to maximizing the expected
gain

kJEb f[V (b1; b�1)� U (b1; b�1; sj)] q1j (b)� �j (b1;�j; zj)g

3. Equilibrium Mechanisms

One of the advantages often attributed to auctions is that they are likely to work
pretty well even when the seller is very poorly informed about the buyers he

is dealing with. This may be further complicated in that sellers might not be
precisely sure who they are competing against. In the FDIC auctions discusses
by [6], buyers alternatives include rental markets, and alternative asset markets
as well as the local real estate market. To model the FDIC in the usual way,
searching for a best reply to a known set of actions on the part of a known set of

competitors, is probably not the best way to proceed.

Nonetheless, sellers will need to formulate conjectures about the distribution
of types that they face, and about the relationship between this distribution and
the mechanism that they o�er. This paper uses a rational expectations solution

to this problem. Sellers formulate conjectures about this relationship, and on

the equilibrium path these conjectures are required to be correct. The solution
concept is competitive in the sense that sellers take the payo� that they need to

o�er di�erent buyers in order to attract them to be �xed.
Formally a competitive equilibrium in mechanisms is a market payo� function

�� (�), a selection strategy �� for buyers, and an array of mechanisms
n
��
1; : : : ; �

�
j

o
such that

1. for each x, and each j = 1; : : : J ; z�j (x) = 1 �
R 1
x �

�
j (s) f (s) ds
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2. for each j = 1; : : : J , the mechanism ��
j and the distribution z�j (�) maximize

�j (�j ; zj) =

kJ

Z �Z
: : :

Z
f[V (b1; b2; : : : bI)� U (b1; b2; : : : bI; sj)] q1j (b)g dzj (b2) : : : dzj (bI)

��j (b1;�j ; zj)g dzj (b1)

subject to the constraint that �j (x;�j; zj) � �� (x) for each x for which

z0j (x) > 0.

3. for all x 2 [0; 1] and each j = 1; : : : J ,

�� (x) = max

�
0;max

j

h
�j
�
��
j ;�j; zj

�i�

The �rst condition simply forces each seller's belief to be admissible. The sec-
ond condition expresses the trade-o� that the seller perceives between the mecha-
nism that he o�ers and the probability with which he will be able to attract buyers
of di�erent types. The `graph' consisting of all f�j ; zjg pairs satisfying the market
payo� constraint is essentially the `demand curve' that the seller thinks that he

faces given the market payo� function �� which the seller believes to be �xed and
beyond his control. The �nal condition is the rational expectation condition that
requires that the seller's beliefs about the distribution of types that he faces is
equal to the true distribution of types that occurs in the symmetric continuation
equilibrium of the buyers' subgame.

The advantage of this approach is that the seller's best reply to the market
payo� function is found by solving a relatively simple programming problem. The
anonymity restriction guarantees that given any signal x, the probability that the

seller trades with the buyer having this signal depends only on the distribution of
valuations of the other buyers. The function q1j will then completely characterize

the seller's mechanism provided it satis�es the anonymity restriction and the
summing up constraint that requires that the probability be less than or equal to

one that the seller trade with some buyer.
This latter restriction can be expressed in a convenient way following [4]. The

function q1j will satisfy the summing up constraint if and only if for each x

kJ

Z 1

x
Eb�1

qj (s; b�1) dzj (s) � 1� zj (x)
kJ (3.1)
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It is straightforward that every mechanism must satisfy this condition. It simply

says that, uniformly in x, the probability that the seller trades with a buyer whose

valuation is in the interval [x; 1] can be no larger than the probability that there

is a buyer with valuation in this interval. Matthews [4] shows the converse.

Dropping the various subscripts for simplicity and using (2.3), the seller's

problem can then be expressed as the program maximize

kJ

Z 1

0
Eb�1

f[V (b1; b�1)� U (b1; b�1; sj)] q (b1; b�1)� �� (b1)g dz (b1) (3.2)

by choosing the assignment rule q (�; �) and the probability distribution z (�) sub-
ject to the constraints

q (x; b�1) 2 [0; 1] for all (x; b�1) 2 [0; 1]I

�� (x) � �� (r; q; z) +
Z x

0
Eb�1

q (y; b�1)
@V (y; b�1)

@y
dy (3.3)

for every x in the support of z; and (3.1).
An important aspect of the seller's decision problem is the shape of the function

Sj (x)
�0 (x)

v0 (x)
� � (x)

where Sj (x) = V (x; b�1)�U (x; b�1; sj) = v (x)� (x)�sj. The valuations of the

buyers other than buyer i disappear because of the separability assumption. As
will be seen momentarily, this is the expected surplus generated by trade with a
buyer of type x less the payo� that the seller needs to o�er to attract such a buyer.
If this function is not monotonic, the seller will want to choose a mechanism that
awards the good to the buyer who generates the largest surplus, and this will not

necessarily be the buyer with the highest willingness to pay for the good. In this
case the seller will not want to use an auction as an allocation mechanism. To

avoid the intricacies of this problem we will focus on problems where equilibrium
generates surplus functions and market payo� functions that are monotonic as

described above. In this case we have the following theorem.

Theorem 3.1. Suppose that buyers signals are independent and payo� functions

are additively separable. Let the market payo� function �� (x) be a non-decreasing

function satisfying 0 < ��0 (x) � v0 (x) for all x � r � 0, with ��0(x)

v0(x)
increasing in
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x, and suppose that the function Sj (x)
��0(x)

v0(x)
��� (x) is monotonically increasing.

De�ne r� as the solution to

Sj (r)
��0 (r)

v0 (r)
= �� (r) (3.4)

Then the functions q (�; �) and z (�) and � (�) will constitute best replies to the

market payo� �� if and only if

� (r�) = �� (r�) (3.5)

�0 (1) = v0 (1) (3.6)

z (x) =

8>>><
>>>:

�
�
0

(x)

v0(x)

� 1

kJ�1

if x � r�

1�

�
�
0

(r�)

v0(r�)

� 1

kJ�1

otherwise

(3.7)

and

Eb�1
q (x; b�1) =

(
zkJ�1 (x) if x � r�

0 otherwise
(3.8)

The proof of the theorem is tedious and is relegated to an appendix. The
theorem says that provided the excess surplus function has the right monotonicity
properties, the best reply to the market payo� is an auction in which the seller
sets a reserve price low enough that he trades with every buyer type who generates
a positive surplus.

Consider the restrictions in reverse order. The �nal property (3.8) says that the

probability with which a buyer of type x trades must be equal to the probability

that buyer has the highest valuation among all the buyers who are expected to
choose the seller. In other words, a necessary condition for the seller's mechanism
to be a best reply is that it implement some kind of auction.

This result goes a long way toward determining the outcome, but recall that

the seller's primary interest is the trade-o� between participation and surplus
extraction. His best reply must also determine the likelihood with which buyers

will choose to participate in his mechanism. This trade-o� is embodied in (3.7).
Rewriting the condition gives

z (x) = 1�
Z 1

x
� (s) f (s) ds =

 
�
0

(x)

v0 (x)

! 1

kJ�1
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Since this condition must hold uniformly, this becomes an expression for the choice

strategy that the seller expects buyers to use.

Finally (3.5) is the key to the reserve price results. It says that the seller

should o�er exactly the market payo� to the buyer whose type is such that excess

surplus is zero.

3.1. Existence

Before turning to interpretation, the existence issue should be addressed. There

are two problems to be dealt with here. The �rst is simply whether there is any

competitive equilibriumat all. The second is whether there is an equilibrium satis-
fying the requirements of Theorem 3.1. These issues can be addressed together in
the following constructive manner. Each seller is �rst assigned an auction with an
appropriately chosen reserve price. The continuation equilibrium in buyer choice
strategies can be calculated explicitly for these auctions. From this continuation
equilibrium it is possible to �nd the market payo� function. It is then possible to

provide a class of payo� functions  (�) such that the surplus function generated
by this market payo� function is monotonic in the manner required by Theorem
3.1. Lastly, it is easy to show that the auctions that sellers have been assigned
in the �rst place are best replies to the market payo�s that they generate. To
simplify the argument attention is focussed on the symmetric case.

Theorem 3.2. Suppose that all sellers have the same cost sj = 0 and that for

all x,  
kJ � 1

J

!
v (x)�  (x)

 0 (x)
> 1�

1� F (x)

J
(3.9)

Then there exists a competitive equilibrium in mechanisms in which all sellers

hold english auctions with reserve price equal to

Z
� � �
Z

 (b2; : : : bkJ ) f (b1) : : : f (bkJ) db1 : : : dbkJ

The restriction (3.9) guarantees that the excess surplus function is strictly

increasing in the equilibrium that is being constructed. The reserve price is the

value that a buyer with valuation 0 assigns to the good to be purchased conditional
on being the only buyer who chooses to participate in the seller's mechanism.8

8The fact that this is independent of the buyers' strategies is a special property of the
equilibrium constructed here. The calculation is done explicitly in the proof.
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4. Reserve Prices

Consider the interpretation in which the opportunity cost to the seller is equal

to the future resale value of the object being traded and restrict attention to the

symmetric equilibrium described in Theorem 3.2. In this case, V (b1; b�1; s) =

 (b1) + 
 (b�1) is the potential future resale value conditional on the information

held by existing buyers. The reserve price is equal to the expectation of this value

conditional on the fact that only a single buyer chooses the seller's auction and

conditional on that buyer having a valuation equal to zero. This stems from the

requirement that the seller wants to set a reserve price low enough so that it
will be worthwhile for all buyer types to trade with him. His opportunity cost
under the same circumstances is equal to the expected resale value of the object

conditional on the fact that he was selected by a single buyer. This isZ
 (b1) f (b1) db1 +

Z
� � �

Z

 (b2; : : : bkJ) f (b1) : : : f (bkJ) db1 : : : dbkJ

which is clearly larger than the equilibrium reserve price.

In this sense the seller regrets trading ex post. Of course, the seller will always
regret trading ex post in an auction in the sense that he knows that since the
buyer was willing to trade, he would also have been willing to trade at a higher
price (at least with high probability). The regret is stronger here, since ex post
the seller would have preferred holding on to the good and trying to resell it in

the following period.
If no buyers at all choose to participate in the seller's mechanism, so that he is

forced to trade it in the following period, then the value of the good to the seller
is the expected resale price conditional on no buyers coming, i.e.,

1

J � 1

Z
 (b1) f (b1) db1 +

Z
� � �
Z

 (b2; : : : bkJ ) f (b1) : : : f (bkJ ) db1 : : : dbkJ

again, strictly larger than the reserve price that the seller sets.
To test such a theory, one might proceed as in [6] to collect data on the

sale prices of goods that failed to sell in their initial auction. If sellers correctly

anticipate these future resale prices, then the equilibrium reserve prices that they

set should be lower than the expected resale prices. This may explain the �nding
in [6] that reserve prices tended to be below observed resale prices.

There is some relationship between the result presented in Theorem 3.2 and
the result in [1]. They show that a seller would prefer to hold an absolute English

auction (that is, an English auction with no reserve price) involvingN+1 bidders,
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to using the optimal selling mechanismagainst N bidders provided that the N+1st

bidder is serious. In other words, the simple English auction will be preferable

to the optimal mechanism provided that it attracts one more bidder like the

existing bidders. The attraction of this low reserve price to the additional bidder

is imposed exogenously in [1]. Here the response of bidders to the lower reserve

price is endogenous, and in this case the result suggests that [1] did not go far

enough. Interpreting the absolute english auction as one in which the seller sets

a reserve price equal to his opportunity cost, the reserve price that sellers set to

attract buyers in equilibrium is even lower than the one predicted by [1], since

reserve prices are driven below opportunity costs.

4.1. Alternative Informational Assumptions

It is not clear whether these results can be extended to permit more general
assumptions about the buyers' and sellers' information. One of the key arguments
in the proof arises from the fact that the derivative of the payo� function �0 (x)

is related to the trading rule in a relatively simple way, i.e.,

�0 (x) = Eb�1
q (x; b�1)

@V (x; b�1)

@x
(4.1)

When the payo� function V is additively separable, this immediately yields a
formula for the trading probability for each buyer type who participates in the
seller's mechanism. The substitution of this result reduces the control problem to

one of choosing the real function z0. This simpli�cation is immediately lost without
separability and the control problem requires determination of the functions z0 and
q jointly. Alternative methods to the ones described here are needed to resolve

this problem.
Within the separable framework, an di�cult problem arises when the excess

surplus function is non-monotonic. This might occur if a house seller, for example,
gets information about the rate at which his house is appreciating in value. Buyers

with high willingness to pay might convince the seller that his house is appreciating
in value so fast that he should never have tried to sell it in the �rst place. This

is comparable to the problem that occurs when the virtual valuation function is

non-monotonic in the independent private value monopoly framework. In this

case the seller may not want to use an e�cient mechanism that awards trade

to the buyer with the highest valuation. Non-auction mechanisms will then be
needed, and it is di�cult to get much insight into what these might be.
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In the a�liated private value framework, separability holds in a trivial sense,

but the simplifying equation (4.1) no longer holds because of the fact that the

trading probability Eb�1jxq (x; b�1) depends on the true value of x as well as on

the buyer's report about x. This environment is of particular interest since the

competitive environment gives an immediate explanation for why sellers do not

extract all the buyer's surplus in the manner of [7]. It remains to see whether

competition will explain why sellers do not use explicit entry fees in the fashion

described in that paper.

5. Conclusions

The equilibriummechanism is allocationally equivalent to an English auction with
a reserve price equal to the ex post value of a marginal unsold unit of output.
Allocation schemes resembling English auctions are relatively common. Private
real estate sales typically involve a dynamic procedure of bid and counterbid that

resemble English auctions. Distress sales by the Federal Deposit Insurance Cor-
poration and the Resolution Trust Corporation in the United States use explicit
English auctions, and involve sales in the billions of US dollars [6]. English auc-
tions of houses and used cars are common in Australia and New Zealand.

Thia paper provides and explanation for why auctions are used in the �rst
place, and perhaps more important, why equilibrium reserve prices in these auc-

tions should appear to be quite low. The conditions under which these results
hold require that the seller's payo� be relatively insensitive to buyers information.
When this condition fails, equilibrium mechanisms will not involve auctions. The
properties of equilibrium mechanisms in this latter case are unknown.

6. Appendix-Proof of the Main Theorem

Proof. The proof proceeds in two parts. In the �rst part, it is shown that (3.7)
and (3.7) are necessary for any �rm to pro�tably implement any payo� function

�. In the second part, it is shown that full maximization requires that the �rm

choose a � satisfying (3.5), (3.7), and (3.4).

6.0.1. Part 1: Most pro�table way to implement �

Let � be any payo� function satisfying Sj (x)
�0(x)

v0(x)
�� (x) is strictly increasing. By

the Lebesque decomposition theorem ([2], p130), � can be decomposed uniquely
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into a singular (almost everywhere constant) function �� and a function �0 such

that for all x 2 [0; 1], � (x) = �� (x) +
R x
0 �

0 (s) ds. Using this, we can de�ne the

most pro�table way of implementing the payo� � as

 (�) = max
q(�;�);z

kJ

Z 1

0
Eb�1

f[V (b1; b�1)� U (b1; b�1; sj)] q (b1; b�1)� � (b1)g dz (b1)

subject to

� (x) = �� (r; q; z) +
Z x

0
Eb�1

q (y; b�1)
@V (y; b�1)

@y
dy for all x

kJ

Z 1

x
Eb�1

qj (s; b�1) dzj (s) � 1� zj (x)
kJ

for all x

Notice that this de�nition ignores the constraint that q (x; b�1) 2 [0; 1] and

the constraint that z be a probability distribution. The payo� � that is being
implemented has to be associated with some incentive compatible mechanism, so
we can assume without loss of generality that it is continuous, non-decreasing and
has �0(x)

v0(x)
non decreasing. From the second constraint

�0 (x) = Eb�1
q (x; b�1)

@V (x; b�1)

@x

for z-almost all9 x.
The separability assumption implies that @V (x;b�1)

@x
is independent of b�1 so

that this can be written

Eb�1
q (x; b�1) =

�0 (x)

v0 (x)
(6.1)

for z-almost all x.

Using this, and making use of separability, the objective can be rewritten

kJ

Z 1

0
Eb�1

f[V (x; b�1)� U (x; b�1; sj)] q (x; b�1)� � (x)g dz (x)

= kJ

Z 1

0

n
[v (x)�  (x)� sj]Eb�1

q (x; b�1)� � (x)
o
dz (x)

= kJ

Z 1

0

(
Sj (x)

�0 (x)

v0 (x)
� � (x)

)
dz (x)

9This means for all x for which z0 (x) > 0. This is an unusual use of this terminology since
formally, z does not have to be a distribution function in this argument.
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where Sj (x) � [v (x)�  (x)� sj]. The last step makes use of (6.1).

Continuing with this argument, we need to choose z0 (x) � 0 to maximize

kJ

Z 1

0

(
Sj (x)

�0 (x)

v0 (x)
� � (x)

)
z0 (x) dx

subject to the constraint

kJ

Z 1

x

�0 (s)

v0 (s)
z0 (s) ds +

�
1�

Z 1

x
z0 (s) ds

�kJ
� 1

for all x.
This problem can be solved using standard Lagrangian methods. Let � (x)

denote the multiplier associated with the constraint. The resulting Lagrangian
expression is strictly concave (pointwise) in the z0 (x). Thus a necessary and
su�cient condition for an optimum is that

kJ

(
Sj (x)

�0 (x)

v0 (x)
� � (x)

)

�

Z x

0
� (s)

(
kJ
�0 (x)

v0 (x)
� kJ

�
1 �

Z 1

s
z0 (y)dy

�kJ�1)
ds = 0 (6.2)

for all x such that Sj (x)
�0(x)

v0(x)
� � (x).

As Sj (x)
�0(x)

v0(x)
�� (x) is assumed monotonically increasing, if there is a segment

[0; r] along which it is negative, then z0 (x) can be set equal to zero along this
segment without violating the constraint. Since this would raise expected pro�ts,
we can assume that there is some r� such that z0 (x) = 0 for all x � r�.

Now suppose that there is some interval [a; b] above r� along which the multi-

plier � (x) = 0. Since the second term in (6.2) will be constant along this interval

while the �rst term is strictly increasing, there must be some point along the in-
terval at which the necessary condition is violated. We conclude that � (x) > 0 for

almost every x > r�, and consequently that the constraint (3.1) holds with equal-

ity for almost all x � r�. Di�erentiating the constraint (3.1) gives �0(x)

v0(x)
= z (x)kJ�1

for almost all x � r�

This is not quite su�cient to give a complete result since most pro�table
implementation of � ignores the fact that z must be a probability distribution.

The choice for z made by this program will fail to be a probability distribution

whenever � has the property that �0 (1) =v0 (1) < 1. For in this case z (1) < 1. To
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deal with this, we now suppose that � satis�es the market constraint and show

that if �0 (1) =v0 (1) < 1 then there is an alternative payo� function ~� (�) � � (�)

satisfying ~�0 (1) =v0 (1) = 1 which yields the seller strictly higher pro�ts than �.

6.0.2. The most pro�table �

The fact that z (x) =
�
�0(x)

v0(x)

� 1

kJ�1

gives

 (�) =
Z 1

r

(
S (x)

�0 (x)

v0 (x)
� � (x)

)
d

 
�0 (x)

v0 (x)

! 1

kJ�1

(6.3)

Suppose that the seller has chosen a feasible payo� function for which �0(1)

v0(1)
=

� < 1. Then  (�) will strictly exceed the maximum pro�t the seller can attain
from � when he adjusts z to satisfy the constraint that z (1) = 1. We will construct

a payo� ~� � � satisfying
~�0(1)

v0(1)
= 1 which has the property that  

�
~�
�
is arbitrarily

close to  (�). Since any such payo� function must satisfy the market constrain if
� does, this implies that payo� functions that do not satisfy the terminal condition
�0 (1) =v0 (1) = 1 cannot be optimal.

Let y < 1. On the region [y; 1] de�ne a new ~� such that

~�0 (x) = �0 (x) + (1 � �) v0 (x)

and ~� (x) = � (y) +
R x
y
~�0 (s) ds = � (x) +

R x
y (1� �) v0 (s) ds. This new payo�

function is non-decreasing and satis�es

~�0 (x)

v0 (x)
=

8<
:

�0(x)

v0(x)
x � y

�0(x)

v0(x)
+ (1 � �) x > y

Thus the ratio
~�0(x)

v0(x)
is non-decreasing. By de�nition

 
�
~�
�
=

Z y

r

(
s (x)

�0 (x)

v0 (x)
� � (x)

)
d

 
�
0

(x)

v0 (x)

! 1

kJ�1

+
Z 1

y

(
s (x)

~�
0

(x)

v0 (x)
� ~� (x)

)
d

 
~�
0

(x)

v0 (x)

! 1

kJ�1

This converges to

Z 1

r

(
s (x)

�0 (x)

v0 (x)
� � (x)

)
d

 
�
0

(x)

v0 (x)

! 1

kJ�1
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as y goes to 1. Hence for y close enough to 1,  
�
~�
�
strictly exceeds the true pro�t

associated with � and the original mechanism cannot be optimal.

6.0.3. Finally: The implications of the terminal condition �0 (1) =v0 (1) =

1:

Next suppose that �0 (1) = v0 (1) so that  ̂ (�) =  (�). It must be that � (r) =

�� (r). To see this, note that � (r) � �� (r) for all feasible mechanisms, so suppose

to the contrary that � (r) > �� (r). Then there is an interval [r; y], say along which

� (x) > �� (x) by the continuity of � and ��. If y = 1, then � can be reduced

for all x without changing the derivative, increasing pro�ts according to (6.3).
So suppose that � (y) = �� (y). Without loss of generality, we may assume that
�0 (y) = ��0 (y) for if this is not true then the technique of the previous paragraph

can be used to construct a �̂ such that �̂0 (y) = ��0 (y) for which  
�
�̂
�
is arbitrarily

close to  (��).
Now for small �, let x (�) denote the solution to � (x)�� = �� (x). Since � and

�� are both di�erentiable, straightforward calculation gives x0 (�) = �0 (x)���0 (x).
Replace � (x) by

�̂ (x; �) =

8><
>:
� (x)� � x 2 [r; x (�)]
�� (x) x 2 (x (�) ; y]
� (x) otherwise

By (6.3), the derivative of  
�
�̂ (x; �)

�
with respect to � is given by

Z x(�)

r
d

 
�
0

(x)

v0 (x)

!
+x0 (�)

"
S (x (�))

�0 (x (�))

v0 (x (�))
� � (x (�)) + � � S (x (�))

��0 (x (�))

v0 (x (�))
� �� (x (�))

#

=
Z x(�)

r
d

 
�
0

(x)

v0 (x)

!
> 0

Hence  
�
�̂ (x; �)

�
>  (�) for some � small enough. Then � cannot be a best

reply.

Finally, since � (r) = �� (r) for any best reply, if r is di�erent from r� then the

seller can raise pro�ts by raising or lowering r slightly by the de�nition of r�.
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7. Appendix - Proof of Theorem 3.2

Proof. To begin, strategy rules are speci�ed for all the players in the market. It

is then shown that these strategy rules are all best replies in the sense required by

the de�nition of the competitive equilibrium in mechanisms. First suppose that

every seller holds an english auction in which the price starts at the reserve price

speci�ed in the theorem and rises continuously. Buyers can drop out at any time,

and the winner is the last buyer remaining in the auction.

Equilibrium bidding strategies for this kind of auction are well know, buyers

remain in the auction as long as the price is below their valuation for the com-
modity conditional on all available information. Rather than writing out the rules
by which buyers update their beliefs when other buyers drop out, simply observe

that (continuation) equilibrium behavior will ensure that the buyer participating
in the auction who has the highest valuation will win the auction.

Next suppose that buyers select each seller with the same probability 1=J in-
dependent of their type. Under these conditions, the probability with which any

buyer wins a particular seller's auction is equal to z (x)
kJ�1

=
h
1 �

R 1
x � (s) f (s) ds

ikJ�1
=n

1� 1�F (x)

J

okJ�1
. By (2.2), this gives the buyer a payo� equal to � (x) = � (0) +R x

0

n
1� 1�F (s)

J

okJ�1
v0 (s) ds given that all the other buyers are behaving this way.

The payo� that a buyer of type 0 gets is equal to the value of trade to a buyer of

type 0 less the seller's reserve price. The value of trade is equal to the expected
value of trade conditional on the fact that no other buyer has chosen the seller's
mechanism. This is given by

1

zkJ�1 (0)

Z
� � �

Z

 (b2; : : : bkJ) (1� � (b2)) f (b2) : : : (1 � � (bkJ ) f (bkJ )) db2 : : : dbkJ

=

�
J

J � 1

�kJ�1 Z
: : :

Z

 (b2; : : : bkJ )

�
J � 1

J

�
f (b1) : : :

�
J � 1

J

�
f (bkJ) db1 : : : dbkJ

=
Z
� � �

Z

 (b2; : : : bkJ ) f (b2) : : : f (bkJ ) db2 : : : dbkJ

which gives � (0) = 0.
Since every seller o�ers the same mechanism, and consequently the same payo�

function, the selection rule "choose each seller with probability 1=J" will be a best
reply to what the other buyers are doing. Thus condition (3) in the de�nition of

the competitive equilibrium in mechanisms is satis�ed.
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It remains to show that the english auctions that sellers are using are in fact

best replies to the market payo� function �. The excess surplus function is

Sj (x)
�0 (x)

v0 (x)
� � (x) = [v (x)�  (x)]

�0 (x)

v0 (x)
� � (x)

= [v (x)�  (x)]

(
1 �

1� F (x)

J

)kJ�1

�
Z x

0

(
1 �

1� F (s)

J

)kJ�1

v0 (s) ds

The condition speci�ed in the theorem states that the derivative of this function

is positive. Furthermore, since v (0) =  (0) = 0 this function is non-negative for
all x.

Since � satis�es all the conditions of Theorem 3.1, the distribution z that

maximizes the seller's pro�ts is uniquely determined by the requirement that for
all x � 0

z (x) =

 
�0 (x)

v0 (x)

! 1

kJ�1

=

0
B@
n
1� 1�F (x)

J

okJ�1
v0 (x)

v0 (x)

1
CA

1

kJ�1

=

(
1 �

1 � F (x)

J

)kJ�1

The �rst equality is from Theorem 3.1, while the others follow by substitution
for �. This guarantees that the sellers' mechanisms and the beliefs de�ned by

the buyers' continuation equilibrium satisfy condition (2) in the de�nition of the
competitive equilibrium in mechanisms.
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