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1 General Introduction

1.1 The modified Church-Turing thesis

The concept of “computation” is as old as the history of science itself. Philosophers, mathe-
maticians and physicists were concerned with the issue of “computation” and its relation to
the real word. With the construction of computers during the past 50 years this issue gained
in importance considerably. A land-mark development in this field was the work of Allan
Turing who defined the so called “Turing Machine” which is not a machine but the basic
computational model in Computers Science [16]. A subsequent development was the for-
mulation of the “Church-Turing thesis” [5] which established the general application of the
“Turing Machine”. This thesis claims that any “computational process” can be simulated
by a Turing machine. It should be remarked that the concept of “computational process” in
this context is a logical process.

With the rapid development of Computer Science a modified version of this thesis ap-
peared. The “modified Church-Turing thesis” claims that any “reasonable computational
process” can be efficiently simulated by a probabilistic Turing machine. The main differences
in the modified thesis are:

e The simulation was required to be efficient (polynomial slowdown).

e The computational model “Turing Machine” was extended and a “Probabilistic Turing
Machine” was defined.

e By the term “reasonable computational process” we mean also physical computation
process i.e. analog computation. The initial state of a physical system codes the input
of the computation while the final state codes the output. The term “reasonable”
means that this process can be realized, for example only limited accuracy is allowed.

This thesis is not a mathematical statement therefore there exists no rigorous proof for it.
Nevertheless scientists used to consider this thesis almost as an axiom. However, in recent
years with the definition of quantum computation models (which will be discussed in section
1.2) doubts concerning the validity of this thesis developed.

In this context it should be remarked that there are two major questions connected with
the relation of physics and computer science.

e The computational difficulties in the prediction of the behavior of physical systems.

e The availability of more power computers based on physical principles different from
those on which present computers are based.

Most studies including this one whose subject is the second subject deal with discrete physical
systems. The reason for it is the difficulty involved in the construction of continuous com-
putational models in the real case when outside noise is present and the accuracy attainable
in measurements is limited.



1.2 Quantum computation

There has been a rapid technological development in the field of computers during the past
50 years, which made it possible to solve many computational problems in an efficient way.
There remain however, many important problems for which still no efficient solutions are
available today. Assuming that the evolution continues at the current rate, it is to be ex-
pected that some of these problems will resist an efficient solution without the application of
entirely new approaches. This fact led scientists to seek for non-conventional computational
models. One of the most interesting directions in this field is quantum computation. Since
the discovery of quantum mechanics, it has been found that the the laws of probability in
quantum mechanics are inherently different from that encountered in the conventional prob-
abilistic models. It was believed that by applying quantum computation models many until
then intractable problem may become solvable. At the same time electronic components of
the computers became smaller and smaller to the extent that these components themselves
become subjected to the laws of quantum mechanics. As a result the electronics used in
computers is quantum electronics. This fact led to the conviction that computers based on
quantum principles belong to the real world, and we should alter our way of thinking and
adapt it to the rules of quantum physics.

Feymann [7] was the first to ask what effect the behavior of quantum systems would
have on computation. He claimed that it is intrinsically expensive to simulate quantum
systems using classical computational methods, and that by using “quantum computers” this
problem could be overcome. Subsequently Deutsch[6] formulated a quantum computational
model, QTM (Quantum Turing Machine), and wondered whether the quantum computer has
capabilities beyond that of the classical Turing machine. This question has attracted great
interest (see [3][18][14]). The most remarkable result in this field was obtained by Peter Shor
[13] who has shown that using Deutsch’s model one can solve the problem of factorization,
i.e. finding the prime factors of a natural number. This problem has a long history in the
field of mathematics, it is widely believed that there exists no efficient conventional algorithm
for this problem. Many cryptographic methods are based on this belief. Shor found a fast
quantum algorithm for the above problem, but at present the question whether Shor’s result
refutes the thesis of Church-Turing is still open because:

e The proof that there does not exist an efficient algorithm for the factorization problem
based on Turing machine is still outstanding

e It has not been shown that QTM can be realized in a concrete form.

Together with an interest in the above questions, there arose simultaneously an interest
in quantum cryptography. Cryptography is a field in computer science which deals with the
problem of safe transfer of information in a coded form. It has undergone rapid develop-
ment in the past 20 years. As mentioned before most methods in this field are based on
computational difficulties in various mathematical problems (e.g.- factorization problem).
Although the existence of these difficulties is widely accepted, it has not yet been proven.
These methods thereby lack a strong mathematical foundation.
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The special field of quantum cryptography deals with the transfer of coded information
using quantum principles. The proof of the safety of these methods is based on quantum
mechanics; it therefore has a more solid theoretical foundation. Because the quantum de-
vices involved are relatively simple, several models based on the transfer of quantum coded
information have already been realized (see [2][4][8]).

1.3 Quantum communication

The quantum communication model is based on the communication model of Yao which was
presented in his paper [17]. This model (the classical one) deals with the issue of commu-
nication by considering a situation in which two players A, B wish to evaluate a function
f(z,y). The input x is known only to A, and y is known only to B. In order to compute the
function they have to communicate using some protocol. The resource in which the model
is interested is the amount of communication needed for this purpose. In this context we
have to mention Shanon’s information theory, which also deals with the issue of transferring
information and compare between the two models. Roughly speaking the main difference
between this model and the well known Information theory of Shanon is that information
theory deals with the question of how to send messages (how to overcome problems of noise,
faulty links, etc.). The communication model on the other hand is concerned with the prob-
lem of what to send (i.e. design protocols). The motive in constructing this model was
the wish to analyze computational models. This model proved to be successful in the area
of computational complexity and many results were obtained by considering this model.
Moreover extensive research whose main subject was communication was conducted in the
field of computer science. The reason for this is the importance of the abstract notions
communication and information in computers.

The quantum communication model deals with the information transferred in a quantum
system. The model considers a quantum system divided into 3 parts A, B,C where A, B
are the parts which communicate via C'. Similarly to the classical model we deal with
a situation in which some input z is coded in A and y in B, we are interested in the
amount of information/communication needed to be transferred by a quantum time evolution
process until the value f(x,y) can be determined. Yao in his paper [18] which deals with
quantum computation was the first (and in fact the only) researcher to mention quantum
communication. He proved a quantum communication lower-bound of loglog(n) for the
majority function (a result which is generalized in this paper) and showed how to obtain
a lower bound for quantum computational models using the above result. My primary
motive in examining such a model was to compare quantum computational models with
the classical models (TM, probabilistic TM...). More specifically 1 wanted to investigate
whether the well known lower bounds for classical computation which are derived from
communication hold true for quantum models of computation. Another motivation is an
interest in communication for itself. As technology gets more and more sophisticated we have
to start looking at quantum devices as a means for transferring information (see [2][4][8]).

In this thesis a complete and formal definition of the quantum communication model
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is given. Afterwards we show how to simulate probabilistic protocols by using quantum
communication. This includes:

e Showing how to amplify the probability of success
e Showing how to simulate a probabilistic protocol using a quantum protocol.

We then continue by comparing quantum communication to probabilistic communication.
We show that some basic lower bounds for probabilistic communication also hold for quantum
communication.

o There exists at most a maximal exponential gap between deterministic communication
and quantum communication (this is a generalization of the majority result which
appears in Yao's paper)

e Most boolean functions f: {0,1}" x {0,1}" — {0,1} need Q(n) quantum communica-
tion (this is the trivial upper bound).

e We present Yao’s lower bound of (n) for the inner-product mod 2 function. This
gives an explicit function which needs (n) quantum communication (this result was
not previously published and has been e-mailed to me by Yao)

Still the question whether the probabilistic lower bound for the DISJOITNFESS function
holds for the quantum case is left open. Moreover the more general question whether quantum
communication is more powerful than probabilistic communication? is left open.

In section 6 we concentrate on the relation between one-round quantum communication
and one-way probabilistic communication (the issue of one-round randomized communication
is discussed in [11]). We follow the technique of complete problems:

o We define a complete problem for the class of functions whose one-way randomized
communication is polylog.

o We define a complete problem for the class of functions whose one-way quantum com-
munication is polylog, we discuss the relation between this problem and the complete
problem for the randomized case.

o We define a second complete problem for the quantum case, and give 1-round random-
ized protocol for a special case of this problem.

The question of whether 1-round quantum communication more powerful than 1-round proba-
bilistic communication is left open.



2 Basics

2.1 Quantum mechanics
2.1.1 Background

In this section we shall try to give a brief description of the the way Quantum Mechanics
Theory views a “simple” system. This section is not intended to “teach” Quantum Physics,
for this purpose the reader should refer to [15]. In the first subsection we give the postulates
on which the mathematical description of a quantum system is based. These postulates
should be treated as axioms. They are the foundations of Quantum Mechanics, and they
come from observing physical phenomena and help us to formalize the mathematical de-
scription. Because this section when it comes separately can sound a bit vague we shall
give a mathematical description of a very simple system (which physics name ’spinor’), and
demonstrate how these principles are implemented.

2.1.2 The postulates of quantum mechanics

When we describe a physical theory we have to give answers to several questions, thereby
giving a basis for the mathematical description. The postulates provide us answers to the
following questions:

o What is the description of a state of a quantum system at a given time?

e Given the state, how can we predict the results of the measurements of various physical
quantities? (i.e what is the meaning of a state).

e How can the state of the system at an arbitrary time ¢ be computed when the state at
time g is known?

Quantum Mechanics describes a system by specifying a vector space (Hilbert space). The
following six postulates define a discrete system.

1. At a fixed time g, the state of a physical system is defined by specifying a normalized
vector belonging to the state space V. The standard notation for this vector is the
Dirac notation |1 (tg)>.

2. Every measurable physical quantity A is described by a linear operator A acting in V,
this operator is called observable.

3. The only possible result of the measurement of a physical quantity A is one of the
eigenvalues of the corresponding observable A.

4. When the physical quantity A is measured on a system in state |t)(f9)>, the probability
of obtaining the eigenvalue a,, of the observable A is:

Pr(a,) = | <un|t(to)> |
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Where |u,, > is the normalized eigenvector of A, associated with the eigenvalue a,.
<, |th(to)> denotes the inner product of the vectors |u,>, | (f)>.

The above formula is true when this eigenvalue is non-degenerate. The formula for the
general case (degenerate eigenvalue) is a simple generalization of the previous one.

Pr(ay) = 30| <ul [i(to)> |

=1

Where g, is the degree of degeneration, and {ju! >} is an orthonormal basis of the
eigensubspace associated with the eigenvalue a,,.

5. After performing a measurement on the system, and getting a result a,,, the system is
no longer in its previous state but in a state corresponding to the eigenvalue «a,,

6. The time evolution of the state vector |1(tg)> is governed by the Schroedinger equation:

o d
i l(ty>= H(El(r)>

Where H(t) is the observable associated with the total energy of the system. If this
observable is independent of time, and time is discrete this equation can be written as:

[t =1)>=Ulp(t = 0)>

Where U is an unitary transformation in V.

2.1.3 Spinor: an example of a 2 dimenssional system

In this section shall describe a simple system in the framework of quantum mechanics.
Suppose there is a system that can be described by a two dimension space, which has an

orthonormal basis :
leo >= ! ey >= /
€0 — 0 9 €1 - 1

This system is usually called spinor. We associate with these two vectors two states of the
system Sy, 51, which we name basic states. We associate with the state of the system at
time ¢ a vector of the form:

(a4

> = () wherelaf 4152 =1

')

Suppose the state at time #, is :

=0~
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The observable we have is :

(1)

which has two eigen values ag = 0, ay = 2. with the corresponding eigen vectors:

o (1) e ()

If we measure in time tg the physical quantity A that corresponds to A, we will get result
ao with probability:

| <wvdu(t =0)> |? =05

- Lp
= 1A

The state will become |vg>. If we do not measure and wait one second, the time transfor-
1 11
=7 (1)

1 1
U

mation is given by:

The state will become:

Then if we measure A we will get result ag with probability :

[([vo>, [¥(t = 1)>)]* =0

2.2 Computational complexity

Computational complexity is a mathematical branch of Computer Science which deals with
the analysis of difficulties one encounters in the calculation of functions. The purpose of the
present section is to discuss various approaches used in solving problems in Computational
Complexity. These differ in several aspects from those used in other areas of mathematics.
In the following, we shall describe some of their essential features. For a more detailed
discussion in this subject see [12].

In order to investigate the difficulties of computing some function f we have to specify
some computational model which is a mathematical model (e.g. Turing machines, boolean
circuits). Having defined a particular model, "Algorithm’ is the method of computing a
desired function in this model. We have to specify in the model the various resources required
in the computational process (the number of steps, memory requirements, etc..). These
resources determine the various measures of the “cost of the Algorithm” which presents
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the central issue in Computational Complexity. The “cost of the Algorithm” is normally
calculated for the worst case situation (“worst input”). In most cases we deal with boolean
functions f : {0,1}" — {0,1}. We assume that f is defined for every n. We are interested
in the assymptotical behaviour of the cost of the Algorithm when n — oo. The cost of the
best possible Algorithm for a function (“cheapest” Algorithm) defines the complexity of the
function.

For every “Computational Model” a probabilistic variant can also be defined. This can
be done in two ways which in may cases are equivalent:

1. Define a “random Algorithm” as an Algorithm which uses “random steps”.

2. Define a “random Algorithm” as constructing a probability distribution over determin-
istic Algorithms.

The cost of the “randomizes Algorithm” or the reliability of the “randomized Algorithm” in
computing the function are measured by averaging over the random steps, or alternatively
over the distribution of the Algorithms. It should be remarked that these results refer in
most cases to the worst case input. (Note that we do not make any assumptions regarding
a specific distribution over the inputs).

Complexity theory categorizes functions into classes according to their complexity. Its
aim is to find relations among the different complexity classes. An important method to
determine relations between two classes A and B is to find a complete function f (complete
problem), which is a function f € A, and to which we can reduce every function f’ belonging
to A (by reducing f’ to f we mean tranforming a prblem of computing f'(x) to a problem
of computing f(y)). Thus by proving f € B, it implies that A C B.

2.3 Communication complexity

In this section we will introduce Yao’s model of communication complexity, which was in-
troduced in his paper [18]. In subsection 1 we give definitions for the deterministic case. In
subsection 2 we present the probabilistic variant. In subsection 3 we list known results in
the classical(non-quantum) model which are related to the “quantum results”. For further

reading the reader should refer to [9][10])

2.3.1 Model definition

Yao’s Communication model is a computational model in which we are only interested in
the resource of communication. Thus, the notion of Algorithm is replaced by the notion of
Protocol. The communication model deals with the following situation:

Two players Alice and Bob wish to compute the value of a function f: X x Y — Z, where
X, Y, and Z are arbitrary sets, on a given pair of inputs * € X and y € Y. The difficulty
in the computation is due to the fact that only Alice knows x, and only Bob knows y. Alice
and Bob are allowed to communicate by sending messages (bits, or strings of bits) between
themselves according to some protocol P. The cost of P on a given input («,y) is the number
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of bits sent by Alice and Bob together for the input. The overall cost of P is defined as the
worst case cost over all inputs. The communication complexity of a function f is defined
asthe minimum cost over all protocols that compute f. In the following we formalize the
notions described above.

A protocol P over domain X XY with range 7 is a set of functions { f;} : {0,1}* — {0,1}"*.

e A function f; with an odd index: ¢ € {1,3,5..} represents the i-th message which is
sent by Alice:

filz, previous messages) = i'th message

e A function f; with an even index: ¢ € {2,4,6..} represents the i-th message which is
sent by Bob

fi(y, previous messages) = i'th message

The outcome of applying protcol P on an input x,y can be computed in a recursive form.

1. message My = fi(x)
2. message My = fo(y, fi(z))
3. message M3 = f3(z, fi(x), fa(y, fi(x)))

For every pair (x,y) this sequence must be finite. The last message which is sent is M. [ is
known to each of the players by his input and by the messages sent. The output of the proto-
col named P(x,y) is defined as the last message M;. The cost of P on input x,y is the total
length of the messages sent on this input. The cost of P is max, ,(cost of P on input x,y)
P is said to compute f: X xY — 7 if Va,y Plx,y) = f(z,y)

We now define the deterministic communication complexity for a function f : X xY — Z.

Definition 1 D(f) (deteministic communication complexity) is defined as the minimum
cost over all deteministic protocols that compute f

In most cases we shall deal with the case X, Y being {0,1}" (n — bits strings) and Z,{0,1}.
In the following, some protocols are shown:

Example 1 A and B are given each a n-bits string and they wish to know if they have the
same strings, the function f is therefore defined as:

0 ife=1y
EQ(x,y) = { 1 otherwise
For this problem (and for all other problems) there exists a trivial protocol in which A sends
its input « to B. B computes EQ(x,y) and tells A the answer. This protocol requires n+1
bits . One can prove that for this problem there doesn’t exists a cheaper protocol. Thus,

D(EQ) = 0(n)
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There are cases where there are cheaper protocol:

Example 2 A and B are given n-bits strings x,y, their task is to determine wether the
number of 1’s in x,y is even or odd.

PARITY (2,y) = { 0 if (num of 1's in x + num of 1’s in y) is even

1 otherwise

Here it is easy to see that they need to exchange only two bits of information and that they
don’t need to use the trivial protocol (to send the input). A sends to B ((num of 1's in x) mod 2),
B computes (num of 1's in @ + num of 1's in y)mod2), and tells A the answer. In this

case D(PARITY ) = O(1)

2.3.2 The probabilistic variant

As for almost any other computational model when we add the power of randomness we get
interesting results . But what do we mean when we say a random protocol?
Alice and Bob have an access to some private random strings 4, rg so they can choose their
messages at random. In the following we formalize the notions described above.

A random protocol P over domain X X Y with range 7 is a set of functions {f;} :

{0,1}* — {0,1}*.

e A function f; with an odd index: ¢ € {1,3,5..} represents the i-th message which is
sent by Alice:

filz,ra, previous messages) =i — th message

e A function f; with an even index: ¢ € {2,4,6..} represents the i-th message which is
sent by Bob

fily,rp, previous messages) = i — th message

r4,7p are random strings drawn from the uniform distribution over {0, 1}* for some arbitrary
k. The outcome of applying protcol P on an input z,y can be computed in a recursive form.

1. message My = fi(x,r4)
2. message My = fo(y,rpfi(x))
3. message M3 = fs(x,r4, fi(z), faly, fi(z)))

For every (x,y) this sequence must be finite. The last message which is sent is M;. [ is
known to each of the players by his input, by his private random string and by the messages
sent. The cost of P on input z,y is the expected total length of the messages sent on input
z,y. The cost of P is max, ,(cost of P on input x,y) We say that a random protocol P
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e Computes [ with e — error if pr., , . (M; # f(x,y)) <€)
e Computes [ with zero — error if pr,, . .(M; # f(z,y)) = 0)

Definition 2 o R(f) is defined as the minimum cost over all random protocols that

compute f with ¢ — error

o RY(f) is defined as the minimum cost over all random protocols that compute [ with

Zero — error

In the following R(f) denotes R%(f) Next we give a probabilistic protocol for £¢) function
that costs only O(log(n)) bits.

Example 3

o Alice chooses prime number p at random from the first n? primes and sends:

(z mod p), p

o Bob checks whether
y mod p = x mod p.

and tells Alice the answer.

The probability of mistake is probability that
x#y and (x modp) = (y mod p)

This happens iff © # y and p is among the divisors of v —y. There are at most log(x —y) < n
divisors. so the probability of mistake is less than n=t. For the claculation of the number of
bits sents we recall a known fact from Number Theory which states that the first n* primes are
in the range [1...n"], thus the length of the Alice’s message is O(log(n)) bits. We conclude

that R(EQ) = O(log(n))

2.3.3 Some basic results

We list here some known results in Communication complexity, and their intuitve meaning.
One of the reasons for doing so is that in section 3 the quantum versions of these results
appear. Moreover the proofs in the quantum case are many times modifications of the proofs
for these results. For formal proofs of these result the reader may refer to [10].

L.V f:{0,1}" x {0,1}" — {0,1} D(f) < n - For every function there is always the
trivial protcol which is for A to send its input to B, this costs linear communication.
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2.V f:{0,1}" x{0,1}" — {0,1} R(f) < D(f)- Random communication is “stronger”

than deterministic communication.

3. Vf:{0,1}" x{0,1}" — {0,1} R(f) > log(D(f))- There is an exponential gap at the

most between random communication and deterministic communication.

4. For most of the functions f: {0,1}" x {0,1}" — {0,1}  R(f) > Q(n) - Even though
random commnication is “stronger” than deterministic communication, it is not so
“strong”. Most of the functions need linear communication which is the cost of the
trivial protcol.

5. Define the function :

]PQ(xvy):in'yi(mOdZ) T,y € {Ovl}n

For this function we know:
R(IP) > Q(n)

Even though we know that most of the function need linear communication, it is not
clear that we can give an explicit “expensive” function. This result tells us that a
certain function is “expensive”.

3 Definition of the model

3.1 Overview

In this section we define the model of quantum communication. We shall use notions from
linear algebra, for example: tensor product. A description of the terms and the mathematical
notations used appears in the appendix.

The model of quantum communication deals with the complexity of the time evolution
of many particle systems (spinors). It is based on the analysis of the transfer of information
within the system. For this purpose we divide the system into three parts: A,B and C. A
and B are entities which communicate with each other, they correspond to Alice and Bob
in Yao’s model. Communication is transferred via C. We regard this system as a model
for computing boolean functions f : {0,1}" x {0,1}" — {0,1}. The initial state of the
system codes the input of the function: = € {0,1}" is coded in A and y € {0,1}" is coded
in B. The final state codes the value of f(x,y). The coding is done by the state of one
of the particles (spinors). In terms of quantum mechanics, we obtain a random variable
€ {0,1}, by measuring the state of the particle. The value of the random variable will be
f(a,y) with high probability. The process of computation (called the protocol) consists of
a series of unitary transformations (as in the quantum computation model QTM). Each
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unitary transformation can change either the state of the pair of components A,C or that
of B,C. It is implied that there is no direct interaction between A and B. The amount of
communication which is transferred is equal to the number of unitary transformations times
the number of particles in C. This quantity is called the cost of the protocol. We shall
say that a protocol P computes the function f, if for every pair of values x,y the protocol
changes the state of the system starting with a certain initial states coding =,y and ending
in a final state coding f(x,y). The quantum communication complexity of a function f is
then defined as the minimal cost required for a protocol which computes f. In the next
section a more rigorous and formal definition of these terms will be given.

3.2 States

We give here the mathematical description of the states of the system as vectors in some
vector space. Throughout this section we use the Dirac notation > for vectors.

Definition 3 Let H be the vector space C*". A basic state is defined as a unit vector € in
this space.

We identify the numbers in the interval [0---2™ — 1] with the binary strings {0,1}" ,
according to their binary representation.

Notation 1 Let H be the vector space C*", and let x be a binary string of length m. We
denote by |t> the basic state defined as :

Lr>i={1 i =

0 otherwise

If the length of the string x is k where k < m , we denote by > the vector ™ %o x>

where o means con-cation, and 0™~ means the string of m — k zeroes.

Definition 4 Let H be the vector C*". A general state is defined as a vector in this space,
U, where |0 | =1 (Its Ly norm equals 1).

The system is to be divided into three parts A, B and C, Where A and B consist of m
particles (spinors) and C of ¢ particles. Each part can be described by a vector space.
The mathematical description of the system is then the tensor product of these spaces.(see
appendix)

Notation 2 Denote by H,, . the vector space Hs @ He @ Hp, where Hy, Hp are the vector
spaces C?", and Hp is C*.

A special case often treated in this paper is ¢ = 1.

Notation 3 Let x,y, z be strings of length m, c,m respectively. Denote by |, y,z> a basic
state in H,, .. The state will be the tensor product of three basic states from Hy, Ho, Hp:

ke, y, z>= > Q> Q>
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H,, . is itself a space of dimension 2*"*°. In terms of the notation 1 |r,y,2> is foyoz>.
To clarify this point let us consider the following example:

Example 4 Let x be the string 01 y be 1, and z the string 10. Let Hy, Ho, Hp be spaces
of dimensions 4, 2, 4 respectively. The unit vectors P1>,|1>,]10> from Ha, He, Hg are :

0
k>=[01>= (1) , = l>= ( (1) ) , >=10>=
0

In H=Hs® He® He P1,1,10> is a vector of dimension 4 X 4 X 2 = 32.
01,1,10>= PI> @[> Q10>

In terms of H |, P1,1,10> is actually D1110> implying that it is the unit vector €14=o1110
According to our first notation we can drop the leading zeroes in 01110> and write it in

the form [L110> .

We have now the mathematical description of a system built from 3 parts as a tensor
product of three vector spaces, and the mathematical description of its basic states as unit
vectors. The general states of this system are vectors whose Ly norm equals 1. It follows
from the definition of tensor product the set of vectors {|r,y,z> | z,z € {0,1}™ y € {0,1}°}
is an orthonormal basis for H,, . and we can deduce:

Corollary 1 V general state ¢ € H,, . there exist a unique set of coefficients {ay,.} s.t:

- 2
U= Z Apy-|x,y, 2>  where Z lasy-|" =1

x7y7z x7y7z

3.3 Measurements
Next we will define the notion of measurement.

Definition 5 Let H be a vector space of dimension 2, S C {0,1}V |, and let ¥ be a general
state in H
A measurement Rg of U is defined as random variable with values {0,1} s.t :

1 pr(Ry(v) =1) = |proju ¥ |*
where H' = span{li> |1 € 5}

2 pT(RS(ﬁ) = 0) = |pTOjH//17 |2
where H' = span{li> |1 ¢ S}

It follows from the fact that | ¢ |* = 1 that this definition is valid, i.e. :

L. |proju@ [%, [projus& [ > 0
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2. |proju@ |* + |projg.v |* =1

The probability of getting the value 1 in our measurement is the square norm of the projection
of ¥ on some subspace. It can be written in the following way.

Proposition 1
pr(Rs(v) =1) =>_ |5’
€S
Definition 6 Let ¢ be a (2m + ¢) bit string which can be wriltten as a concatenation of 3
strings of length m,c,m :
t=x0YyO0Z
A measurement Ry in H,, . s said o measure a bit b in Hy f
S = {i=zoyoz|b=1,bisabitinz}
Similarly, we can define the measurements of bits in Hz or Hp

Example 5 Let us take H as H,,. There is only one measurement of bit in He which is
Rg where :

S={ii=z0loz}

We shall call this measurement as R.,,, because it measures a bit in the communication
space. If H is the general case i.e. H,, ., we define R, as the measurement of the first bit
in H.. It implies :

S = {i=zoyoz|the first bitinyis1}

3.4 Quantum protocol

Definition 7 Let U be a unitary transformation on H,, .. U is said to act on Hy @ He if
there exists a sel of 220"%9) coefficients apypry 5.t for every x,z € {0,1}™, y € {0,1}¢

Ule,y, z>= Z gy ot U5y 2>
17/7y/

Intuitively this means that U does not alter Hp because the z part remains unchanged.
These transformation can transfer information from H4 to He and/or transfer information
from Hgo to Hy4. Similarly we define a transformation that acts on Ho @ Hp.

Example 6 o The transformation of moving a bit b from He to Hp is an example of
an unitary transformation that acts on He @ Hp, it is defined in the following way:

Vaa,xp,b UlﬁAv b, xp>= h;Av 0, boxp>



20

We will denote this transformation as Uyove (0,B)-
(Recall that according to our notation > = [""%o0 x> )

o The transformation of copying a bit b from Ho to Hp is also an example of an unitary
transformation which acts on Ho @ Hpg, it is defined in the following way :

VJ}A,J}B,Z) UlﬁA, b, rp>= lﬁA, b, bO$B>
We will denote this transformation as U,y (c,B)-

Definition 8 A quantum protocol P is a sequence of unitary transformations on H,, . :
Us Ug, U3 Ug, U, U

{UL}  are unitary transformations which act on the space Hy @ He , {UL}  are unitary
transformations that act on He @ Hp . The cost of a protocol P, C(P) is defined as :

I xlog(dim(He)) = Ixc

Notation 4 1. Denote by P™V the vector : UL U U5 U5 - U - Ulle,0,y>

2. Denote by P(x

,y) the probability of getting 1 when measuring the first bit in H.
pr(Reom (P7Y) =1

)

Next we define the meaning of the statement that a protocol “computes” the function f.
Definition 9 The protocol P is said to compute [ with accuracy € if:
Vg pr(Beon (P7) = flr,y)) 21— ¢
For a protocol P which computes f with accuracy ¢ we have
L. fla,y)=1= Plx,y) >1—c¢
2. flr,y)=0= P(x,y) <e
We are able now to define the notion of quantum communication complexity.

Definition 10 The quantum communication complexity Q°(f) is defined as the minimum
cost over all quantum protocol that compute [ with accuracy e. In the following, Q'/?(f) will
simply be denoted as Q(f)
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4 Discussion

4.1 Technical lemmas

In this section we shall deal mainly with technical results. These results will show that it
is possible to perform simple operations using the quantum model which are comparable to
those performed when using the classical model. Below is a series of lemmas each following
from the preceding one. The last lemma shows that we are able to amplify probabilistic
results by repeated application of a quantum protocol. The essence of the proof is to demon-
strate how a repetition of the quantum protocol can be performed. For this purpose we shall
show how the protocol can preserve the initial inputs. The proofs are given in the appendix,
as they involve numerous details.

Definition 11 Let H be a vector space of dimension 2% U be a unitary transformation
acting on H . U is said to preserve {0,1}" if there exists a set of coefficients {a,;} s.t for
every x € {0,1}":

Uk>= > ayifioa>

1€{0,1}F
The next lemma shows that we can find a wide range of transformations, which preserve
{0, 1}".

Lemma 1 Let X be {0,1}", Y be {0,1}~.
For every two sets sets {a,;}{bs;} satisfying that for every x € {0,1}":

Yo awiP= ) Jheilf=1

i€{0,1}% i€{0,1}%

there exists an unitary transformation U acting on a space of 2% dimensions s.t for every

xz e {0,1}":

U > affoa>= > bfoa>

1€{0,1}F 1€{0,1}F

It follows that we can simulate any boolean function f: {0,1}" — {0,1} using transforma-
tions which preserve {0,1}"

Corollary 2 Let H be a 2"! dimensional space. For every function f:{0,1}" — {0,1}
there exists an unitary transformation U in H space, that “simulates” [ and preserves X
i€ !

Ve e {0,1}" Uh>=|f(x)o x>
Proof: The conditions :

Vee X Up>=|f(z)oa>
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are a special case of the previous lemma.

{ 1 i1sa string of zeroes o { 1 eis f(x)
Ui = =

0 otherwise 0 otherwise

a

Notation 5 Let us denote by Uy an unitary transformation that simulates f

Definition 12 Let P be a protocol acting on H,, . for some function f:{0,1}" x{0,1}" —
{0,1}. P will be called a protocol which preserves the input, if the following holds:

Va,y € {0,1}" Py — Z a;jrpox, g, koy>
,5:k
Lemma 2 For every protocol P in H,, . that computes a function f :{0,1}" x {0,1}" —
{0,1} with accuracy € there exists a protocol P’ which acts on Hyqp. that computes f with
accuracy € , and preserves the input, moreover C(P) = C(P’).

In the classical model, given a protocol which computes a function f: X x Y — {0,1} with
probability 1 — ¢, it is always possible to construct an alternative protocol which will repeat
the original protocol three times and will return the “majority result”. The probability of
the success of the new protocol will be identical with the probability of getting at least two
“heads” when flipping three times a coin with parameter 1 — e:

31—+ (1 —e¢)’>1—¢
The price of the new protocol is three times that of the original one, which implies:
Vf, . R(1—5)3+35(1—e)2(f) <3. R1/2—e(f)

By repeating ¢ times it follows that:

ﬂ(—ce2)

Vfe KR (f) < e RVP(f)
The same technique can be applied also in the quantum case. The main point is to prove a
repetition lemma, in the appendix we prove a 2-times repetition lemma:

Lemma 3 Let f; and fy be boolean functions {0,1}" x {0,1}" — {0,1}. In addition let
h be a boolean function {0,1}" x {0,1}* — {0,1} defined as h(x,y) = g(fi(z,y), fr(z,y))
for some function g : {0,1}* — {0,1}. If there ewist two quantum protocols Py, Py which
compute fi, fo respectively with accuracy ¢ then there exists a third quantum protocol P with
the following properties:

o P computes h with accuracy € = pry, ,lg(ri,r2) # h(x,y)] where ri,ry are two
independent Bernoulli variables (€ {0,1}) with the property: priri = fi(z,y)] =
prirs = folz,y)] = 1 —¢
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o C(P)=C(P)+C(P)

By repeating the protocol ¢ times with fi,....f. = f and h = maj(fi,....f.) it follows that:

Theorem 1

pele —ce2)

Ve Q (f) < e QP (f)

4.2 Quantum communication as compared to probabilistic com-
munication

The purpose of this section is to prove that we can simulate a probabilistic protocol by using
a quantum protocol. We start by simulating a deterministic protocol.

Lemma4 Vf:{0,1}" x{0,1}" — {0,1} Q(f) < O(Dece(f))

Proof: We assume in the deterministic protocol that alternate players send single bits.
This way of communication increases the cost by a factor of 2, at most. Suppose we have a
deterministic protocol for f, of cost [.

o In stage 1 A sends a bit b; to B which is a function of z:
by = fi(x)
o In stage 2 B send a bit by, which is a function of y and b,
by = fa(y, b1)
e In the final stage 1, B sends to A the result, b = f(x,y), where
b= fily, b1, biq)
The quantum protocol which simulate the deterministic one is defined in the following way:

e Define U} as Ucopy(i,c) - Uy, - Note that:

Ulolfvovy> = UCOpy(l,C) : Uf1 h;v 07 y>= UCOpy(l,C) |bl ox, 07 y>=
= pbiox, by, y>.

e Define U} as Ucopy(2,0)U s, Umove(c,2)- Note that:

Ucopy(z,) * Up, * Unove(ey It b1, y>= Ucopy(z,e) - U, e, 0, by o y>
= UCOPZ/@@)@? 07 b? 0 bl oy>= lf, bz, bg o] bl oYy>
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o Define U! as Us,Unove(c,2)

So P is:
P = Ufl Umove(c,?)v ceey Ucopy(?,c) Uf2 Umove(c,2)7 Ucopy(l,c) Uf1
It follows that:

ﬁx’y:|blo...oblox, bi,bjo...0ob oy>=
|bl_1o...oblo:1;, f(x,y), blo...sobloy>: ﬁfmal

which implies that:
L flz,y)=1= Ple,y) =1

2. f(z,y) = 0= P(z,y) =0
O

A similar proof can be given in the probabilistic case:
Theorem 2 Vf - {0,1}% x 0,1} — {0,1} Q(f) < O(R(f))

Proof: We assume in the deterministic protocol that alternate players send single bits.
Suppose we have a deterministic protocol for f, of cost [. A has input = and a random string
r4 drawn from the uniform distribution over {0,1}* for some k. Similarly B has y and rg.
Given x,7r4 and y,rp, the players apply a deterministic protocol.

o In stage 1 A sends a bit b; to B which is a function of z,r4:
by = fi(x,ra4)
o In stage 2 B send a bit by, which is a function of y,rg and by
by = f2(ya7"B, 51)

o In the final stage 1, B sends to A the result, b;, where

b= fily,rBy b1y bi—1)

The probability of b being f(x,y) is given by:
pro sl = fla,y)) = 1/22k(number of strings ra,rg where by = f(x,y))

For the quantum protocol which simulates the probabilistic we define two transformation:
Define U}, as the unitary transformation such that

Va,by ULk, by>= S (1/2") a0, by>

TAE{Ovl}k
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2 .4 these transformation are unitary transformations (see 1).

Intuitively these transformation choose random strings from {0,1}*. The quantum protocol

Similarly we can define U,

is defined in the following way:
P = Ufl Umove(c,2)7 RS Ucopy(?,c) Uf2 Umove(c,?)Ufand7 Ucopy(l,c) Uf1 Urland
It follows that:

Py — Z(l/Zk) bi1o...objorgox, by, bjo...s0byorgoy>= Ufnau

TATB
Which implies:

pr(Rcom(ﬁl”y) = f(z,y)) = 1/2**(number of strings ra,rp where by = f(z,y))
> 1—ce€

Note that C(P)=10

5 Lower bounds

5.1 Overview

In section 4 it was shown that quantum communication is as cheap as the probabilistic
communication. In this section we shall see that some lower bounds to the probabilistic
communication also hold in the quantum case. In part 1 we shall prove two theorems.
The first one will show that there exists at most an exponential gap between deterministic
communication and quantum communication. The second will prove that most of that
boolean functions f : {0,1}" x {0,1}" — {0,1} require linear quantum communication.
These two theorems follow from the description of a quantum protocol by a set of matrices.
Part 2 is based on a theorem by Yao. This theorem proves the existence of a linear lower
bound for a specific function. In this section we shall deal only with protocols for H,,. The
results can be generalized for general spaces H,, .. All these results will follow from the
analysis of quantum protocols which is presented in the next section.

5.2 Quantum protocol analysis

Lemma 5 For every protocol P of cost | and for every input x,y € {0,1}".

Py = % @ h> o

jefo,1t

where 171];1,17% are vectors from Hy, Hy respectively (their Ly norm not being necessarily 1),
and b; s the last bil in j, more over:
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1. The set {#} depends on the protocol P and the input x

2. The set {17?3} depends on the protocol P and the input y

Proof: The proof is by induction on the length of the protocol :
1=0:

P = Je,0,y>= > 0> o>

induction step:
Let P be a protocol of cost [:

P = U117 U227 Uf? U§7 "Ull_17 U2l
Assume by induction that:

Ut U UM, 0,y>= Y T oo by

je{o,1}—1

where the set {#} can be computed using P and z, {4} can be computed using P and y.
The next transformation is US, because Ul acts on He @ Hp we can write:

Uy (T @ v @ Ug) = 0 @ @
where @’ is some vector in H. ®@ H,, define:

W = projp, @ where Hy = span{0> @}> | [0>€ He, |z>€ Hp}
Wy = projlej where Hy = span{|l> @k> | [I>€ He, k>€ Hg}

and it t follows that w’ = W+ @ and that W can be written as 0> @ for some vector
Uy in Hy. Also W) can be written as [[> @} for some vector ] in Hj, so we get:

UL-UR U2 UM, 0> = U Y dhoadtiodty= Y #o(@@+d)=

jefoap-1 jefoap-1
S Fosedtlsen) = Y #oidlod
jE{0, 131 JE{O, 1}

The set {172}2»6{071}1 didn’t change through the induction step, it just doubled it self by
repeating each vector twice, so if the previous set could be computed from P and z so is this
set. The set {Wé}i€{071}z changed according to the previous set and the last transformation,
so if the previous set was a function of P and y so is this set. O

Definition 13 Let P be a protocol of length [, denote by {0,1}, the set of | bit strings with
the last bit being 1. The matrices M%, My, of dimension 2'=1 x 2!=1 for P are defined as :

ME(i,5) = (7, 8) , My(i,5) = (55, 7%) 4,5 € {0,1}}
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where the sets of vectors {0y} , {Uz} are identical to those appearing in the previous lemma,
(0, v ) denotes inner product

The set of matrices can describe the protocol, and it is important to notice that:
Observation 1 1. The set M2 depends only on x and on the quantum protocol P.

2. The set Mf depends only on y and on P.
Observation 2 The matrices M5, M}, are hermit and positive semi-definite.
Proof: If we define the matrix V§ as the matrix where the vectors {%%} are its rows, and
V¥ as the matrix where {¥y} are its rows we get that

Mi=Vi-vit o ME=VE- vy

And the observation follows. O

We can also assume the entries in these matrices are real:

Lemma 6 For every quantum protocol P, with sets of matrices M% M}, that computes
f {0,117 x {0,1}" — {0,1} with accuracy ¢, there exists a quantum protocol P' s.t:

1 C(P") =2C(P).
2 P" computes [ with ¢ accuracy.

3 The matrices M"y M"Y, for P' are real matrices.
The proof appears in the appendix and is based on [3].
Lemma 7 P(z,y) = (M5, M})

Proof: By lemma 5 the final state is:
Tpinat = D, Th QW O Tp
jeo,1t

The probability of measuring 1 is:

pr(Reom(Brina) = 1) = | Y. #odiod = Y (Fhel>ady, o l>ovh)

j€{0,1} i,j€{0,1}
i,7€{0,1}{ i,7€{0,1}{

a

Observation 3 If the accuracy of the entries in the matrices is limited to 20 then the
following holds for a protocol P of cost [:

|[Pa,y) =32 M5, )M (i, )| < 2770

]
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5.3 Basic lower bounds

In this subsection we shall prove two theorems that follow from the previous subsection.

Theorem 3 For most of the functions f:{0,1}" x {0,1}" — {0,1}

Q) = n/2

Proof: The argument is based on counting. There are 22°" different functions f : {0,1}" x
{0,1}" — {0,1}. There are at most 222"°(02" different protocols of cost I (in order to
describe anyone of them we can write the 2 - 2" matrices). It follows that there are at most

20n2*"2™) Jifferent functions with a protocol of cost [ =n/2. (It should be remarked that if
a function has a protocol of cost [ < n/2 it has also a protocol of cost [ =n/2) O

Theorem 4 Vf Q(f) > Q(log Dee(f))

Proof: The proof is based on a simulation of a quantum protocol of cost [ by a deterministic
one-round protocol of cost [-2'. Suppose we have a quantum protocol P for f, and the cost
of the protocol is [. Using the amplification lemma (see 1) we can assume:

L fle,y) =1 = Pla,y) = 3/4
2. [lz,y) = 0= P(z,y) <1/4
The probability that the protocol’s answer on x,y is 1 is :
P(e,y) = (M}, M)
We construct a 1 round deterministic protocol for f.

1. A computes the matrix M2 by himself, (for a given P , M# depends only on z) and
sends M#, but only with 2790 accuracy.

2. B computes the matrix Mf by himself, (for a given P , Mf depends only on y) and
subsequently computes:

P(x,y) = (M, M)
If P(z,y)>2/3 Bresponds with the answer 1, if P(z,y) < 1/3 he responds with 0.

The cost of the protocol is the size of the description of the matrix M# which is O(I x 21).
O

Example 7 The equality function is defined as :

EQ(%?J):{(I) ro

otherwise
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Where x,y € {0,1}", the deterministic lower bound is Q(n), so we get a lower bound of
Qlog(n)). Because, on the other hand R(EQ) = 0(log(n)) this is a tight bound, meaning
that also Q(EQ) = 0(log(n)) and we conclude that Q(FEQ) = R(FEQ).

5.4 Discrepancy lower bound

This section shows that a specific technique for proving lower bounds in probabilistic com-
munication can be generalized also to the quantum case. For this purpose we shall define
the following terms.

Definition 14

1. The communication matriz My for some boolean function f:{0,1}"x{0,1}" — {0,1}
is a 2" X 2" matriz where:

2. A rectangle R is a subset of {0,1}" x {0,1}" s.t:

R=SxT S§TC{0,1}"

3. The discrepancy of [ according to a probability distribution p is defined as:
Disc,(f) = maxg|Pru[(f(z,y) = 1) N (z,y) € B = Pru[(f(z,y) = 0) N (z,y) € R

where the maximum is taken over all rectangles R.
At this stage we introduce some new notations:

Notation 6

1. Denote by f~1(1) the set {(x,y)|f(z,y) =1} and by f~(0) the set {(x,y)|f(z,y) = 0}

2. Denote by py the probability pr,((x,y) € f~1(1)) and by uo the probability pr,((z,y) €
f710)).

3. Denote by HaR;s Pru[(f(xvy) = 1) N (l',y) € R] and by HoR;, Pru[(f(xvy) = 0) N
(z,y) € A]

A known technique for getting lower bound in probabilistic communication uses the following
theorem:

Theorem 5 [f there exists some distribution p over {0,1}" x {0,1}" with the property
Disc,(f) <27 then

R(f) = Q(1)
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The quantum version of this theorem can be written in a similar form:

Theorem 6 [f there exists some distribution p over {0,1}" x {0,1}" with the property
Disc,(f) <27 then

Qf) = (1)
For the purpose of proving this theorem we shall need two lemmas:

Lemma 8 For every quantum protocol P solving f with accuracy ¢ and for every distribution
w satisfying:

[ — ol <e

the following inequality holds :

Y. ey Pley)— D pley)Pley) > 1/2 =2

(zy)ef (1) (z.y)€f71(0)
Proof:
(x,y) € [7H(1) = Pla,y) > 1 —¢
(x,y) € f710) = P(z,y) < e

= 2 wzyPly) - Y pley)Plry) >

(zy)ef~1(1) (zy)ef~1(0)
(1 =)y —epo =1 — e(po + 1) == g1 — € > 1/2 — 2e¢

a

Lemma 9 For every two sels of vectors {7y of dimensiond, {b;}7,, whose components
€ [-1,1] and are given with an accuracy of i where dy = poly(d), there exist two sets of

vectors {c;z " {b_f}f;l of dimension L = poly(d) which satisfy the following:
Vi () = (an by
2 {CZ};”;I are non-negative vectors.
3 The non-positive envies in {bz ™ oare in fized places (for every i).

4 All the non-zeroes entries in {dz ™, oand {b_z ™ equal :l:dl—l.

(The proof appears in the appendix)
Proof:(MAIN THEOREM)
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Suppose we have a quantum protocol P for the function f of cost ¢ we will show ¢ > Q(k):
The probability of P answering 1 on the pair (x,y) is given by the inner product :

Pla,y) = (M3, M)

We view the matrices M%, M}, as vectors of dimension 4'~!) (to indicate a coordinate in
these matrices we use only one index). We can apply the transformation of the previous
lemma (we can assume that the numbers in the vectors are written with % accuracy). The

dimension of the new vectors becomes L = 2(). The probability of the quantum protocol
answering 1 on the pair z,y :

Pla,y) = D (MA):(Mp); = (M5, Mp) = (M), M'p)

If we define the sets:
S;i={xe X i€ Support(]\sz)} ,Ti={yeYl|ie Support(]ﬁg’)}

we can write:

Pla,y) = (M4, M'g) = SO(ME)(Mg): = 1/2°0 - 37 dhixs, (2)ri(y)

7 1<e<L

where t; is a sign, xs,(z) is the characteristic function for 5; C X, and yxr,(y) is the
characteristic function for T; C Y. Recalling the fact that {0,1}" x {0, 1}" is also a rectangle
which implies |p; — po| < € It follows from lemma (Lemma 5.4) that :

Yo uley)Play)— > pley)Plr,y) > 1/2 — 2

(zw)eS~1(1) (zw)€S~1(0)

Introducing the expression for P(x,y) we obtain:

Yoo wley) Yo boxs(@xny) = Yo plaey) Yo daxs(@)xn(y) > 1/2 = 2¢

(my)ef~1(1) 1<i<L (z,y)Ef1(0) 1<i<L

By rearranging the summation we obtain:

12057 (X mlexsoxn) = X wlay)xs(ovn(y) ) = 1/2 - 26

1<i<L (z)ef~1(1) (z.y)€f~1(0)

By this it can be viewed as sums and differences over L different rectangles { R; = Sy x Ti} 2 ;.

1/2€(t) ) Z ¢i(ﬂ1Ri - NORi) > 1/2 — 2e¢

1<i<L
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We can conclude that there must exist some rectangle R; where
i, — pom, = 20 (1/2 = 26)/1 > 1/(31)

We assumed:

It follows that:

a

Corollary 3 (YAO) The inner — product mod2 function is defined as:

IPy(x,y) = Z x;1; mod2

1€[1..n]
It is known([]) that for the uniform distribution the following holds:

\Z) H1R;, — HOR; S 2_Q(k)

By this theorem we obtain
Q(IP2) = (n)
which implies:

QUIPy) = R(IP,) = 0(n)

6 Complete problems

This section deals with the relation between quantum and probabilistic communication com-
plexity by using the concept of a complete problem. In the following we shall limit the discus-
sion to 1-round protocols only. A 1-round protocol is a protocol in which A sends a message
based on its input to B, and based on this message and its input B computes the value of
the function f(x,y). Subsequently, B sends this value to A. A convenient representation in
this case of complete problems will be inner product of vectors.

The definition of complete problems in the quantum and the probabilistic case will shed
light on the relation between the two modes of communication. The definition of a complete
problem in the quantum case will provide us with an explicit form of a function. The proof of
either a lower bound or an upper bound to the probabilistic communication of this function
will yield immediately a theorem regarding the relation between 1-round probabilistic and
l-round quantum communication complexity.
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e In subsection 1 we present a fairly simple function which is complete for the class of
boolean functions whose 1-round probabilistic communication complexity is polylog(n).
First we need to define completeness in this context. This is done using rectangular
reductions, which were introduced in [1].

e In subsection 2 we shall use the definitions of subsection 1 for the quantum case and
define a complete problem for the class of boolean functions whose 1-round quantum
communication complexity is polylog(n).

e In subsection 3 we shall define another complete problem for the quantum case. We
shall present an efficient probabilistic protocol for a special case of of the quantum
complete problem.

6.1 A complete problem for 1-round randomized complexity
Definition 15 let f: {0,1}" x {0,1}" — {0,1} be an arbitrary function.

o A deterministic 1-round communication protocol P for f is a pair of functions Py :
{0,1}" — {0,1}¢, and Pg : {0,1}° x {0,1}" — {0,1}. The output of P on input (x,y)
is P(x,y) = Pg(Pa(x),y). The cost of P is c.

e A probabilistic 1-round communication protocol is a pair of functions Py : {0,1}" X
{0,1}74 — {0,1}°, and Pg : {0,1}° x {0,1}" x {0,1}*5 — {0,1}. The output of P on
input (x,y), the (private) random coin tosses of Alice, r4 € {0,1}°4, and the (private)
random coin tosses of Bob, rg € {0,1}75, is P(x,y,ra,r8) = Pe(Pa(x,74),y,78). The
cost of P is c. The probabilistic 1-round communication complexity of f, RA™P*(f),
is defined to be the cost of the best randomized private-coin 1-round communication
protocol P for which Pr{P(x,y,ra,r8) # f(x,y)|] < €, where the probability is taken
over the random coin tosses r4 and rg.

Definition 16 Let X, X', Y, Y' and Z be arbitrary sets. Let [ : X XY — Z, and lel
fre X' xY"— Z. A rectangular reduction from f' to f is a pair of functions ¢; : X' — X,
go 1 Y' — Y, which satisfy the following conditions:

LY2' e X'y eY!, fi(a',y) = flgu(2), 92(y)).
2 Vi e )(/7 |g1($/)| _ 2p01y109(|1’/|).
3. Vy' € Y7, |galy)| = 20eutostivl),

If there exists a rectangular reduction from f' to [ then we say that [’ reduces to [ and we

denote this by f' o< f.

Functions can be classified according to their communication complexity, similarly to the
way in which they are classified according to their computational complexity. A complete
function for a given communication complexity class is defined as follows.
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Definition 17 We say that a function f is complete for a communication complexity class
C if the following two conditions hold:

1. fec;
2.Vf e, fx f.

Let INPy o(+,-) be the following inner product function. IN Py (P, §) = (p, ), where p
and ¢ are n-dimensional vectors which have the following properties: ||p]x <1 (X; |pi| < 1),
and [|¢]|sc < 1 (max;|y;| < 1). Let the partial boolean function INP/? (-,-) be defined as
follows:

par ; = def 1 ]Npl,oo(ﬁvq_j > 2/3
INPL(P @) = { 0 INP(5.0) < 1/3

Theorem 7 INP{ is complete for the class of boolean functions whose I-round commu-
nication complexity is polylog(n).

Proof: Without loss of generality, we assume that ¢ is non-negative, and that p is a
probability vector, i.e., p’'is non-negative, and ||p]l; = 1. We start by describing a 1-round
randomized protocol for computing I N P o, whose cost is O(logn). Clearly, it follows that
IN P belongs to the class of boolean functions whose 1-round communication complexity
is polylog(n). Alice repeats the following process k times, where k is a constant. She chooses
an index ¢ with probability p; and sends it to Bob. For the ’th repetition of this process, let
Xy be the value of the ¢; corresponding to the index ¢ sent by Alice. Bob then outputs the
average of the X,’s. The X,’s are random variables which take values in [0, 1], and whose
expect value is 327_; p; - ¢, the inner product between p'and ¢. Applying Chernoff bounds,
if k = O(1/e3log(1/er)), then with probability at least 1 — €, the absolute value of the
difference between the average of the X,’s, and (p, §) is at most e3. For constant ¢; and e,
the cost of the protocol is thus O(logn).

Next, we describe a rectangular reduction from any given f: X x Y — {0,1} for which
RA=B(f) = polylog(n), to INP{. If RAB(f) = polylog(n) then there exists a 1-round
communication protocol P for f that has the following properties. For every x € X, Alice’s
side of the For every x € X, Alice’s side of the protocol defines a probability distribution
over all messages of length ¢, where ¢ = polylog(n), and for each such message, and for every
y € Y, Bob’s side of the protocols determines a probability of outputting 1. For 1 < < 2°,
let M; denote the ¢’th message in some arbitrary enumeration of the messages Alice can send
Bob. Let p;(x) be the probability that Alice sends the message M; to Bob given that her
input is x, and let ¢;(y) be the probability that Bob outputs 1 given that he received the input
y, and that Alice sent him the message M;. Thus, using the notations from Definition 16,
we define ¢1(x) to be pla), and ¢2(y) = ¢(y). The dimension of both vectors is 2° which is
opolulos(n) “and we let each coordinate be written with exponential precision, using O(n) bits.



35
It remains to be shown that f(z,y) = INP/ (p(z),qly)). By definition of p’ and ¢,

PP = 1] = Ypegkol2). 0

Since Pr[P(x,y) = 1] should be greater than 2/3 if f(x,y) = 1 and smaller than 1/3

otherwise, the claim follows. O

6.2 A complete problem for 1-round quantum communication

Definition 18 A 1-round quantum protocol P acting on H,,. is a quantum protocol P of
the form

P=UU;
Definition 19 The quantum 1-round communication complexity is defined as:

QB (f) = min{C(P)| Pis1 —round quantum protcol which computes f with accuracy ¢}

Denote QA_*B’I/S(f) by QB f).

For the purpose of analyzing 1-round quantum protocol, we will analyze the pair of matrices
M?%, M}, after applying 1-round protocol:

PY= U Ul 0, y>= U3 Y@ 0 > op>= Y @ 0 Y [i> 05"
i i J

= Y aa( Y e+ 3 >ed)

last bit in jis 1 last bitin 7150

(where 0° means the string of ¢ zeroes)
And we have as shown before (see Lemma 2 )

1. The matrices M%, M}, are Hermite and positive definite.
2. Pla,y) = (M, M),
But for this case we also have that :

3 tr(M%)=1: This we conclude by observing that the set {@'} is a set of vectors with
the following property:

() =1

7
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4 All the eigen values of M7 < 1. This we can conclude by observing that the set
{#%} is a set of vectors with the following property:

Vi (7,57 < 1

Let MIP; ., be the following inner product function (M1, M2), where M1 is an n X n matrix
with following properties:

1 hermit

2 tr(M1) =1

3 positive definite (all its eigen values > 0)
and M2 is an n X n matrix with following properties:

1 Hermite

2 all its eigenvalues 0 < \; <1

Let the partial function M 1P?*"(.,.) be defined as follows:

MIP (M1, M2) = { 0 MIP (M1,M2)<1/3

Theorem 8 MIP{7 is complete for the class of boolean functions whose 1-round quantum
communication complexity is polylog(n).

Proof: We describe a rectangular reduction from any given f: X x Y — {0,1} for which
Q4~P(f) = polylog(n), to INP.. Given a l-round quantum protocol for a function f
whose cost is polylog(n) define the rectangular reduction:

L. M1l(x)= M}
2. M2(y) = M},

Next we shall show how to approximate MIP; (M1, M2) using a l-round quantum
protocol of cost polylog(n), this implies a quantum protocol for M 1P/ (M1, M2). For this
purpose we shall need two lemmas (proofs appear in the appendix):

Lemma 10 If a matriz M is:
1. positive semi-definite
2. hermit

3. tr(M) =1
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then there exists a set of vectors {u'} s.t.
1. M;; = (a',a’)
2. (@, a) =1
Lemma 11 For every matriz M, x, which is :
1 hermit
2 with eigenvalues 0 < \; < 1

there exists an orthogonal projection matriz Panxa, (P = PT = P%) of the form:

M X
P:(XT ]—M)

Corollary 4 For every matriz M, y, which is:
1 hermit
2 with eigenvalues 0 < \; < 1

there exist a set of orthogonal vectors T each being written as sum of two orthogonal vectors
70 + 7 with the following properties:

1. Vi,j (&) = 6,

2. Vi & =0 4 it

3. Vi j (70,81 =0

4o Vi g (B, @) = M(i, )

Since the quantum protocol we present for MIP; ..(M1, M2) preserves its input M1, M2
we shall sometimes omit M1, M2 from the description of the states. The quantum protocol

for MIPy (M1, M2) is defined as:

1. Let {@'} the set of vectors which satisfy: M1;; = (d*, @), >,(a',a") = 1. Define U}
as the unitary transformation with the following property:

UNM1L,0° M2>= 3" @ > @[M2>

2. Let ¢* be a set of vectors which satisfy the conditions of corollary 4. Define U2 as the
unitary transformation with the following property

U3 i@ > 0My>=>"d @ (10 > @ + |1 > @)
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By this we obtain:

Py =3"d @ (|0 > @7 4+ [1 > @)

which implies:
1. M5(:,7) = (a', @) = M1;;
2. My(i,5) = (01,09 = M2, ;
And the probability of getting 1 when we measure is :
Pla,y) = (M3, Mb) = (M1, M2)
O

The relation between the complete problem for the quantum case and for the probabilistic
case follows form the following observations:

e The diagonal of a semi-positive-definite Hermite matrix whose eigen-values sum up to
1 is a probability vector.

e The diagonal of a semi-positive-definite Hermite matrix whose eigen-values < 1 is
positive vector with L., <1

Thus, the diagonals of the matrices which are the input for MIP7 have the form of the
input for INP/T. It is to be emphasized that these characteristics and the inner-product
of the matrices are invariant to unitary transformations. Moreover, if one of the matrices is
diagonal it follows that the inner-product of the matrices is identical with the inner product
of their diagonals. Thus, we can deduce that if the players could apply the same unitary
transformations to their matrices and by this to diagonalize one of the matrices then they
could apply the probabilistic protocol for IN P/

6.3 Inner product

In this section we deal with another version of a complete problem for the quantum case:

Let LEN(w@,{v;}%,) be defined as:

— — def - =
LEN(U, {vi}le) = Z(uvvi)z

where @ is a n dimension vector whose Ly norm equals 1 and {#;}%_,) are k& < n orthonormal
vectors. Let the partial function Len?®" (@, {0;}% ) be defined as follows

ﬁ? {172 f:l) Z 2/3
0 LEN(7,{7},) <1/3

Len?" (it, {0:}5)) =

def { 1 LEN(
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Next we show by that:

Theorem 9 Len?* (w0, {T;}5_,) is complete for the class of boolean functions whose 1-round
quantum commaunication complexity is polylog(n).

Proof:

o We construct a quantum protocol for LENP*" by showing a reduction from LENP*"

to MIPP*, define:
L. M1;; = du;

— %
— (N
2. MQZ'J = Zl vivj

This implies:
(M1, M2) = Y ;- 3 0 (5)" =3 (@ 7)(3_ ;- 7))
l -

= D _l(@ )| = LEN(i@ {7"},)

We conclude that there exists a quantum protocol for LEN?*" of cost polylog(n).

e Next we show how to reduce MIPP*" (M1, M?2) to LENP* (@, {v"}). From the fact
that if a matrix M is:

1. hermit

2. All its eigenvalues equal 0 except A; which equals 1.

there a exist a vector @ with the following properties:

We conclude that :

1. there exists a set of orthonormal vectors {@'}, and a probability vector X 5.t

Ml =3 X - (i)
[

2. there exists another set of orthonormal vectors {#'} s.t:

M2;; =% (7))
[
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1,2 imply:

(M1,M2) =3 X\ LEN(ul, {#})

By this we conclude that given a protocol to LENP* one can pick a random [ and

compute LENP“T(JI, {#"}). Repeating this process a constant number of times and
taking the majority result will give a protocol to M 1P (M1, M?2).

a

We continue by giving an efficient probabilistic protocol for the problem of approximating

the inner product of two n-dimensional vectors whose L, norm is bounded by 1. which is a
special case of LEN (k =1). More precisely, we define:

par — — def | 1 |(1_[,17)|2 > 2/3

INP,, (@,7) = { 0 |(ﬁ71—)»)|2 <1/3

Theorem 10 RA™F(INPJY) = polylog(n).

Proof: We describe a 1-round randomized communication protocol for approximating
with an additive constant the inner product of two vectors whose Ly norm equal 1. Without
loss of generality, we may assume that the vectors @ and @ are positive. !

Let ¢ denote the length of the representation of each coordinate in @ and @, where we
may assume that ¢ = polylog(n). Alice and Bob transform their vectors into sums of binary
vectors. More explicitly, let

i= Y20 § =Y 0 Vi i e 0,1} (2)

J=1 J=1

Wherelﬁf equals u;;, the j’th bit in the binary representation of the :’th coordinate of @, u;,
and 77 is defined similarly.
We next make the following two key observations.

L (i, 8) = ey 270H42d )

2. ¥y, 1 <j <1, sup(ji’), sup(’) < 2272 where for a vector 7, sup(7), (the support of
r), is the number of non-zero coordinates in 7.

The first observation can be verified through the following sequence of equalities.

(17717) = iulvz (3)

'If this is not the case then let @ = @T 4+ @, and ¥ = ¥+ + ¥, where 4T and ¢t are positive vectors and
@~ and U~ are negative vectors. Then (@,7) = (at,d%) + (—d~,—07) + (dt, —07) + (—ad~,7T).
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=1 j=1k=1
l n
— 9—(j+k)+2 Z Wi - Vi (5)
7,k=1 =1
l
=3 () ©
7,k=1

The second observation is true since following the first observation:

(@) = Do (@) ™
I,k
> Tl ®)

J

but (@,w) < 1 and hence in particular V5, 272+ . sup(ji/) < 1.

Let a; dof 2-G+k+2( 70 77), Alice and Bob compute each a;; separately, and then sum
them all up. The number of pairs (7, k) is polylog(n), and hence it remains to show how these
values can be computed each with polylog(n) bits of communication, 1/polylog(n) accuracy,
and with confidence at least 1 — 1/polylog(n).

We separate the discussion into two cases: 7 <k, and j > k.

e j < k: Alice repeats the following process polylog(n) times. She picks a coordinate 1

in sup(i”), uniformly, and at random, and sends ¢ to Bob. Clearly, the corresponding

coordinate of #*, v¥, is a {0,1} random variable whose expectation is:
(i, 7*)

77
—y

|sup(ji?)|

Since this process is repeated polylog(n) times, if we apply Chernoff bounds, we get
that with high probability, the average value of the vf’s approximates (i, 7*)/|sup(ji’])
within an additive error of 1/polylog(n). Alice also sends Bob the size of sup(ji’),
and Bob then multiplies the average of the v®’s by sup(ji’) and by 2-U+F+2 {o get
an approximation of a;;. With high probability (1 — 277¢Ws(")) the error of this
approximation is
2~ U+RA2 L sup(jiY |
polylog(n)

Since k > j, and using the second observation above, we get that the error is bounded

by 1/polylog(n), as required. The communication complexity is clearly polylog(n).

e j > k: This case can be divided into two sub-cases:
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1. 27=% < polylog(n) : Alice and Bob essentially follow the same protocol as de-
scribed above for the case 7 < k. Since

27 sup()] < 207,

the claim follows.

2. 297% > polylog(n) : in this case

ajp = 2—(J:+k)+2(ﬁk,171) (9)
< 27U sup (i) (10)
4 1
< 9k _— 11
- polylog(n) (1)

and we can ignore all such pairs by assuming the corresponding a;;’s are 0.

7 Appendix

7.1 Some mathematical notations

The mathematical notions we will deal with throughout this work come from Linear Algebra.
We will use standard notations:

1. Vectors- We use the notation of @ to denote a vector, In some special cases we use
Dirac notation > to specify a vector.

2. Conjugate matrix - Given a matrix M we denote by MT the conjugate matrix of M:
(M1)i; = (M)

3. Inner product We use the notation of (¢, 7?) to denote the inner product of two

vectors v, 02, Given two matrices M1, M? we denote by (M1 Mz) the inner product
of these matrlces.

(M, M?) = ZM

4. Projection- Given a linear space H’, a vector in this space ¥ and a subspace H' of
H' with an orthonormal basis {@;}. We denote by projg/v the vector which is the
orthonormal projection of v on H':

prOjHlﬁ = Z(ﬁv ﬁz)ﬁz

7
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5. Tensor product- Given two vectors ¢, 7% we denote by ¢! @ ¢? their tensor product.

7.2 Tensor Product

In the following section we describe briefly the notion of tensor product of vector spaces.
The description is not intended to be an axiomatic definition of tensor product,rather a
description of its properties, (see [15]). Tensor product spaces are used in quantum mechanics
for the description of many particles systems . For the description of a single particle ¢ we
use a vector space H;. For the description of a n particles system we use the vector space H
which is the tensor product Hy @ --- @ H,.

Let Hy, Hy be two vector spaces of dimensions ny, ny respectively. We build the tensor
product of these two spaces H = Hy @ H; (a vector space of dimension nynz) in the following
way :

To every pair of vectors v} v5 we associate a vector ¥ = 01 @ vy in H. This association has
the following properties:

1. It is linear with respect to multiplication with complex number :
(A1) @03 = 1@ (Avz) = A(01 @ 03)

2. It is distributive :

—

Ui @ (vg +v3) = 01 Qg + 01 @ 3
(vi +v7) @ 03 = v{ @ V3 + vi @ V3
3. If a basis is chosen in each of the spaces Hy H, {vz} { v}} then the set of vectors
{v! @ v} constitutes a basis for I

4. Not every vector ¢ in H is a tensor product of two vectors from Hy, H, , but it can
be written as a sum of tensor product of vectors.

U=3 a;, o] @ v%
5. The inner product of vectors, which are tensor products themselves is defined as :
(U @ Us, tly @ ty) = (U1, 1Uy) - (Va, Us)
6. We can extend this definition of the tensor product of two spaces to tensor product of

three spaces (or n spaces) and we define H = Hy @ Hy @ Hs as (Hy @ Hy) @ Hs

7.3 Appendix for section 4
LEMMA 1 [ Let X be {0,1}", Y be {0,1}*.
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For every two sets sets {a,;}{bs;} satisfying that for every x € {0,1}":

Yo awiP= ) Jheilf=1

1€{0,1}F 1€{0,1}F

there exists an unitary transformation U acting on a space of 2% dimensions s.t for every

xz e {0,1}":
U > affoa>= > bfoa>
1€{0,1}* 1€{0,1}*

Proof: It is known that given a set of k£ orthonormal vectors. There exists an unitary matrix
M, «, s.t. these k vectors are part of its n rows. Similarly one can express that as given a
set of k orthonormal vectors in a n dimension space, one can extend this set to be a basis.
A careful looks of the conditions in this lemma show that they are of this form, thus the
lemma follows immediately. O

LEMMA 2 2 For every protocol P in H,, . that computes a function f:{0,1}" x{0,1}" —
{0,1} with accuracy € there exists a protocol P’ which acts on Hyqp. that computes f with
accuracy € , and preserves the input, moreover C(P) = C(P’).

Proof: Suppose we have a protocol P:
U7, Uy, UE, U3, Uy U,
We will replace UY with a transformations that preserves its input meaning that if :

U10|$, 0,y>= Z ai,bk., b, y>

i
We will build U") with the conditions (using Lemma 1) :

Ul?lﬁvovy>: Zai,bh o, bv y>

Wb

Next we will show how to generalize this idea and replace U} (we will handle U the same
way). Suppose:

U2l_1 o Ulolﬁvovy> = Zaig{jhvbvj>

10,5
l l’,y . . _ /l’,y . .
and Ulzai,b,jkvbvj> = Zai,b,jk767]>
0,7 1,b,7

we will require that :

UL aipliox,bjoy>=3 bisiiox,bjoy>

,b,3 ,b,3
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By (Lemma 1) we can find such U’l1 and it is easy to see that if U! acts on I, @ H, so does
U’ll. By induction one can easily see that if :

P =" a0, b, j>= by

,b,3

Then

_)/l’7y — . N ; — _)p/
Py = Za27k7]kox,,y0j>— o,
t,k,g

It follows that C(P)=C(P’) and that Rcom(ﬁp/ ) = Reom (7%,) O

x7y

LEMMA 3 Let fi and fy be boolean functions {0,1}" x {0,1}" — {0,1}. In addition let
h be a boolean function {0,1}" x {0,1}* — {0,1} defined as h(x,y) = g(fi(z,y), fr(z,y))
for some function g : {0,1}* — {0,1}. If there ewist two quantum protocols Py, Py which
compute fi, fo respectively with accuracy ¢ then there exists a third quantum protocol P with
the following properties:

o P computes h with accuracy € = pry, ,,[g(r1,r2) # h(x,y)] where ri,ry are two inde-
pendent Bernoulli variables (€ {0,1}) with the property: priri = fi(x,y)] = prir =
fZ(xvy)] = 1l—e¢

o C(P)=C(P)+C(P)

Proof: Suppose we have a quantum protocol Py, P, for f; f;, we assume that these protocols
preserve their inputs:

Plx,y = Zai%k[foi, k, y0j> ,P;’y = Z bi’,j’,k’lz;oilv klv yoj/>

1,7,k o3k
Define the protocol P as:
P = Umove (2,¢)» Ug7 Umove (c,2)s P27 Umove (c,2)s Pl

Note that C'(P) = C(Py) 4+ C(FP,) this is because we can replace the last transformation in
Py which is U} with U, (c2) " U?, the same holds for Uy, U,,... (2,c)- By applying P we
get:

P =33 bl oiod gk, k), yojoj>

sak ol gtk

If we now use R..,, we will measure a bit b with probability:

Z Z |Cl2'7]‘7k . bi’,j’,k'|2 where g(k,k/) = b

6,5,k 45" K
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Since Py, P, compute f1, fo with accuracy ¢ we have that:
2l Z birir py o2 =1 — ¢
27]

and we conclude that P computes h with accuracy ¢ = pr,, .,[g(r1,r2) # h(x,y)] where ry, s
are two independent Bernoulli variables (€ {0,1}) with the property: prir = fi(z,y)] =

prirs = fa(w,y)] = 1 —eD

7.4 Appendix for section 5
LEMMA 4 9 For every two sets of vectors {a; }7, of dimensiond, {b_;};”;l, whose components
€ [-1,1] and are given with an accuracy of di where dy = poly(d), there exist two sets of

vectors {a "L {b’} ", of dimension L = poly(d) which satisfy the following:
1 Vlv] (Cl b/) = (aivb])

Y5

2 {a *, are non-negative vectors.
3 The non-positive entries in {b’ ", are in fived places (for every ).

4 All the non-zeroes entries in {a L oand {b} Ly equal £ 1

Proof: We will perform two transformations each one will preserve the inner product. The
first one makes the set of vectors {a” ™, non-negative, and negative entries in {b”} *, will
be in fixed places: The second transformation makes the non-zeroes entries equal =+ 11

In the first transformation replace each entry with four entries, thus the vectors become of
dimension 4d. Denote by a] the j'th entry in @; we replace this entry with (a/+1,1,a]+1,1),

denote by b! the j'th entry in b; we replace this entry with (bf —1,=b/ —1,1,1):

: a;—l—l : bl —1
p 1 b —bl —1
N al +1 ’ N 1
1 : 1

The inner product is preserved:
al bl =(al +1)b =1)+1-(=b] —=1)4+1-(al +1)+1-1

Since the entries in {a;} are € [—1, 1], the entries become non-negative. On the other hand
negative entries in {b_;}f;l are in coordinates j's s.t. j mod 4 =1, 2.

In the second transformation replace each entry with a matrix of 2d; * 2d; cells, where
in the (7, ) cell there are i * j entries. We replace a (j'th entry of @;) with a matrix where
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whole the cells are filled with zero-entries, except the d; * af row where in each cell all the
entries will be i. the new vector will be of d§ = poly(d) dimensions. Similarly we replace

bf with a matrix where whole the cells are filled with zero-entries, except the d; * bf column
where in each cell all the entries will be i. The inner product is preserved because the inner

product of two matrices is: (dl—l)2 «(dy xal)* (dy b)) = ol b O

7.5 Appendix for section 6

Lemma 12 If a matriz M is:
1. positive semi-definite
2. hermit
3. tr(M)=1

then there exists a set of vectors {u'} s.t.

Proof: The proof follows from the fact that for a matrix M with properties 1,2 there exists a
matrix X s.t XXT = M. We define @* as the 7/th row of X which implies M; ; = (@, @’). For

>y

diagonal entries we have M;; = (@', ') and we conclude that tr(M) =1 = >, (d',@') = 1 O
Lemma 13 For every matriz M, x, which is :

1 hermit

2 with eigenvalues 0 < \; < 1

there exists an orthogonal projection matriz Panxa, (P = PT = P%) of the form:

M X
P_(XT ]—M)

M X
Xt I —M

It follows that 7' = T'T. We have to verify that there exists a n x n matrix X s.t. 7% = T.
This is iff: XXT = M — M?. M is a positive definite hermit matrix with eigenvalues smaller
than 1 it follows that M — M? is a positive definite hermit matrix. Which implies that such
X exists. O

Proof: Consider the matrix T'
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