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ABSTRACT

We examine the link between the statistical properties of order statistics and information
aggregation in auctions. We show how this link can be used in obtaining results in two opposite
directions: (i) one can use auction theory in the analysis of order statistics, and, (ii) one can use
results about order statistics to learn about information aggregation in auction.

In particular, we show how one can use results from auction theory in ranking the limiting
information content of order statistics. We use a thought experiment in which we allocate the signals
to bidders who compete in ak + 1-price auction. We show using economic arguments that the
amount of information in the k-th order statisticsisincreasing in k in the l[imit when the number of
signalsincreases and k is fixed. Still, even the first-order statistic contains non-trivial information.

Next, we use the properties of order statistics to show that information aggregation may not hold
in ageneral model of affiliation. That is, information aggregation may critically depend on the
assumption of conditional independence, which isthe basis to what is known as the “Mineral Rights’
model.



Introduction

Recently there has been a growing interest in the properties of common value auctions with a
large number of bidders. This continues a classic line of research that examines markets with many
strategic agents. Such analysis provides insights to the way prices aggregate private information and
hence gives foundation to the concept of Rational Expectation Equilibrium.

The properties of pricesin these auctions are strongly related to the statistical properties of order
statistics. The pricein ak + 1-price auction is a function of the k + 1 order statistic and hence does
not contain more information. In fact, in many cases the price simply converges to the expected
value of the asset conditional on this order statistic. In this paper we show how one can use thislink
in two ways. One can obtain results about information aggregation using results about order statistics
and vice versa.

First, we consider acollection of signals {S}-; that arei.i.d. conditional on some state variable,
V where all random variables are distributed on [0, 1] according to an atomless distribution. We are
interested in determining what the information content is of the k-th order statistic for afixed k when
we assume that nislarge. To answer this question we conduct the following thought experiment: we
assign these signals to agents and run a k + 1-price auction in which bidders compete for k identical
goods whose value is given by V. When the number of signals/agentsis large, agents compete away
their surplus. Using this and the form of the the bidding strategy in ak + 1-price auction, we show
that the information content of order statistics can be ranked.

One may guess that since fixed order statistics are likely to converge to one (the highest possible
signal) independent of V, they do not convey any information. Thisislikely to be the case with
discrete signals, e.g. binary signals. When signals have an atom less distribution, this does not take
into account that convergence rate may depend on V. As aresult these random variables convey
non-trivial information even in the limit. In particular, we show that: (i) For afixed k, asn growsto
infinity, the k + 1 order statistic contains in the limit strictly more information than the k-th order
statistic. That is, the second-order statistic is more informative than the first-order statistic while the
third-order statistic is more informative than the second-order statistic, etc. (ii) While the first-order
statistic islessinformative than any other order statistic, it contains non-trivial information even in
the limit.

Next we demonstrate that information aggregation that was demonstrated in Pesendorfer and
Swinkels (1997) (PS hereafter) may critically depend on the conditional independence assumption.
The general information framework used in auction theory is that of affiliated random variables (see
Milgrom and Weber (1982)). Affiliated random variables can be roughly described as random
variables that are positively correlated even when conditioning on specific events. A special caseis
the ‘Mineral Rights model, which is commonly used in the literature on information aggregation.
Thismodel does not allow for signalsto be correlated once we condition on the asset’ s value. Such
correlation may be present when agents are subject to a common source of noise or if agentsrely on
the same source of information. Aswe demonstrate, such a setup may satisfy affiliation and the
collection of signals enables exact estimation of the asset’ s value. However, in contrast to PS, a
kn + 1-price auction with supply proportional to the number of agents fails to aggregate information.
Hence, the conditional independence may not be an innocuous assumption. This result demonstrates
the weakness of static auctions in aggregating information. A dynamic game such as the English
auction aggregates information even in this case as prices depend on ailmost all signalsand not just a
single order statistic.

The information in order statistics

Consider arandom variable, V, distributed on [0, 1] according to ag(v). We try to estimate V



using signalsthat are given by {S };,. We assumethat {S },”, are also distributed on [0, 1];
conditional on V, signals are distributed i.i.d according to f(slv). We assumethat {S};°, and V are
affiliated so that a higher signal S implies a higher conditional expected value for V. We examine
what can be inferred about V when observing the k-th order statistic. We define Y, (k) to bethek — th
order statistic among the first n signals, {S}{,. Our main result is that using auction theory we can
rank the limiting information in order statistics. We illustrate the results with the following example:

Example Consider the case whereV = {0,1} and

lifv=20
fiav) = {25ifv= 1}

Suppose there are n = 1000 signals and we observe the highest or the fifth highest signal. To what
extent can we tell what the value of V is? Using Bayes rule we can express the expected value of V
conditional on observing thel — th highest signal, E(V|Yn(l) = 5)) :

[VF(S = sv)™'(S = sv)(1 - F(S = siv)) M(v)dv
[F(S = sv)™f(S = sv)(1 - F(S = sv) M (v)dv

In Figure 1 we use a Monte-Carlo simulation to plot the density function of random variable
E(V]Yn(1)), that isthe expected value of the asset conditional on the first-order statistic. Figure 2
shows the results for the fifth-order statistic, that is, E(V|Yn(5)). In both caseswe plot two curves
that represent the conditional densities of the random variables when we condition on V being 0
and 1.
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Two conclusions can be made:

@ Thefifth-order statistic is more informative than the first-order statistic. The two conditional
distributions are more seperated when we use the fifth order statistic.

@® Eventhefirst-order statistic contains some information. This can be concluded from the fact
that the cumulativ distribution function E(V|Yn(1)) is not a step function around 0.5. Moreover,
the two conditional distributions are not identical.

For the general result we make the following assumptions:
(Al) For any ¢ > Othereexistsé > 0 such that if |s— s'|< 6 then for aimost every v
f(vis)
f(vis)

(A2) Monotone likelihood ratio (MLRP) ff((:'—lvv)) > :((SS'% fors>s,v>V.



(A3) Thereexistssomea,b > 0 sothat for any s,vand v’ we havethat: a < f(gv) < b

f(v)
and wy &

(A1) isauniform continuity condition in signals that applies acrossv. It implies that nearby
signas provide similar information about the realization of V. (A2) meansthat sand v are strictly
affiliated. Thisisa standard assumption in the auction literature and it implies a positive correlation
between signals and the value of the asset. Lastly, assumption (A3) implies that there isalimited
amount of information in every signal. While in the limit the collection of all signalsis sufficient to
determine V,,, asingle signal isnever sufficient. It implies afinite likelihood ratio of V given S.. See
PS for amore detailed discussion of the implications of such bounds.

Definition (i) We say that a sequence of random variables {W, } is at least as informative as {Z; }
inthelimit if E(X|Wh, Zn) — E(X|W,h) — 0in probability
(i) We say that a sequence of random variables {W; } is more informative than {Z; } in the limit if
itisat least asinformative as {Z}, and, E(X|Zn) — E(X|W,) +» 0in probability.
(iif) We say that a sequence of random variables {W;} contains non-trivial information in the limit
if E(X) — E(X|Wh) » O

We first argue that:
Lemma Assuming Al-3, then E(V|Yn(k+ 1)) — E(V|Yn(K)) » Oin probability.

We provide the formal proof which isabit technical in the appendix. A short outline is as
follows. We first note that since signalsarein [0, 1], the maximal conditional expectations for the
value of the asset are given by: E(V|Yn(k+ 1) = 1), E(V|Yn(Kk) = 1). It also follows that both
E(V|Yn(k+ 1) = 1) and E(V|Yn(k) = 1) do not depend on n and
E(V|Yn(k+1) = 1) > E(V|Yn(k) = 1). The claim then follows from the fact that we can find some
threshold s}, closeto one so that (i) E(V|Yn(k+ 1) = s) > E(V|Yn(k) = 1) for any s > s}, and (ii)
Pr([Yn(k+ 1) > s};) isbounded away from zero.

Theorem Assume Al-3. For any kthe k + 1 order statistic, Yn(k+ 1), ismore informative in the
limit than the k order statistic, Yn (k).

Proof Consider the k + 1-price auction and let P, denote the resulting price. That isthere are k
units to be sold and the priceisthe k + 1-highest bid. The bidding strategy for an agent with a
signal sinthiscaseisgiven by:

bn(s) = E(V[Yn(k) = Yn(k+1) =5)

The priceis given by the random variable P, = bs(Yn(k + 1)). Note that

@® b, (Yn(k+1))<E(V|Yn(k+ 1)) amost surely.

® bn(Yn(k+1)) < E(V|Yn(k+1),Yn(k)) almost surely.

Jackson and Kremer (2002) prove that in this case the auction is competitive so that
E(V) — E(Pn) —» 0. Thisimplies:
Pn — E(V|Yn(k+ 1)) - Oin probability
Pn — E(V|Yn(k+ 1),Yn(k)) - 0in probability

Therefore we conclude that E(V|Yn(k+ 1)) — E(V|Yn(k+ 1),Yn(k)) — Oin probability. This
impliesthat Yn(k+ 1) isat least as informative as Yn(K). The Theorem then follows from Lemma
ref: diff.

Theorem Thefirst-order statistic Yn(1) contains non-trivial information.

Proof Consider the first-price auction and let P,, denote the resulting price. In this auction the
price satisfies P, < E(V|Yn(1)) amost surely. Since E(P,) — E(V) — 0 we conclude that
Pn — E(V|Yn(1)) —» 0in probability. Now assume by contradiction that P, — E(V) — 0. Inthiscase




with positive probability there is an agent with a high signal such that E(V|S) > E(V) + &. This
agent can bid E(V) + €/2 and ensure a profit that is bounded away from zero.

Affiliation, Mineral Rights and Information
Aggregation

Consider a sequence of auctions with an increasing number of biddersin which supply is
proportional to the number of bidders. In particular, we examine ak, + 1 — price auction, in which
the supply is proportional to the number of bidders, kn/n - a € (0,1). PS have shown that if signals
are conditionally independent (conditional on the asset’s value) and identically distributed then the
price aggregates information. This setup of conditional independence is known as the ‘Minera
Rights model and is commonly used in the literature. Aswe discussed in the introduction, thisisa
special case of affiliation that was introduced in Milgrom and Weber (1982). It does not allow for
correlation among signals once we condition on the value of the asset. If instead agents are also
subject to some common noise, their signalsin general could still be affiliated even though they
would not satisfy the Mineral Rights assumption. Such common noise may be aresult of common
mistakes, reliance on a common source of information, error in measurements etc. As we shall
demonstrate, while the aggregate information may be sufficient for exact estimation of the asset’s
value, the k, + 1 — price auction does not aggregate information. Thus, the assumption of conditional
independence is not an innocuous one.

To seethis explicitly, suppose that the value of the asset, V, isdistributed over [0, 1] according to
adistribution Fy. Consider random variables {g; },-, that are distributed i.i.d. conditional on v and
strictly affiliated with V; the conditional distribution is given by f(gjv) with full support on [0.1].
Assume that in addition there is arandom variable Z that isindependent of both ¢; and V and is
distributed according to a log-concave density function f, with full support on [0, 1]. Bidders observe
private signalssi = z+ &;. We argue that:

Proposition (i) S andV are affiliated. (ii) the pricein a k, + 1-price auction in which kn/n - «
€ (0,1) does not converge to the value of the asset asn — oo. (iii) the expected value of the asset
conditional on all the signals does convergetov, that isE(V|{si}) -V - 0.

We prove this result in the Appendix; the logic behind it can be seen from the following
example:

Example Suppose that the value of the asset v is distributed uniformly on [0,1]. Random
variables ¢; are distributed independently conditional on v according to a distribution function
f(eilv) = 1 - v+ 2ve and Zisdistributed uniformly on [0, 1]. The players obtain signals
S = Z+¢&;.

In this case the conditional density of signalsis:

f(slv):( s(vs+1-v)ifse [0,1] )
° (2-s)vs+1-vifse (1,2])
whichinpli%thataa—s;vlnfs(qw = (vs+i—v)2 > 0. Hence, sand v are strictly affiliated.

Now, note that if all the signals are observed, in the limit it is possible to determine the
value of the asset: the lowest ¢; allows determination of zand then finding the median of s; — zit is

i _ 1 _2m-1
possible to calculate the valuev = = i

However, consider a uniform price auction, in which half of the players obtain the good and pay
- +1bid. Inthelimit the price is a function of the median signal s, ms. But for a given median ms

there arein general many combinations of v and z that are consistent with it, even in the limit. To




see this, note that the median mg isin the range [O, 2+f } and in the limit:
/ 2 _(1-
Mo =24 1+ve —(1-v)

2v
Therefore unlessms = 0 or 2+2ﬁ (which are zero-probability events) the distribution of v

conditional on ms is non-degenerate.

It isinteresting to note that while a static auction such as the k + 1-price auction does not
aggregate information, a dynamic auction, such as an English auction does. Results similar to
Kremer (2002) imply that the price in an English auction convergesto the value of the asset
conditional on n -k, + 1 signals. In our case thisis more than sufficient to determine the asset’s
value, as we need only the signal of some quantile and the lowest signal.

Appendix
Proof of Lemmaref: diff:

We first note afew properties of the expected value of the asset conditional on the | — th order
statistic being equal to's, E(Va|Yn(l) = s), which isgiven by:

[VF(S = sv)™(S = sv)(1 - F(S = siv))' ™ f(v)dv
[F(S =)™ (S = sv)(L-F(S = sv) " f(v)av

Because limg;1 %%V\)/) = 1 (by continuity of f(slv), for details see PS p.1257), taking the limit of

the above expression we get:
[Vi(S = 1v)'f(v)av
[f(S = 1v)'f(v)dv

E(anYn(I) = 1) =

Hence, E(Vn|Yn(l) = 1) does not depend on n.

_ [ vits—sm)a-F(s-sh)) v
Fors e [0,1) defineg(sl) =

. Note that g(s,!) is continuousin sand
[ 18 -sh)@-F(s-sh) vy

by strict affiliation (assumption A2) it is strictly increasing inl. Using again limg;
candefineg(l,l) asthelimitass 1 1, whichis:

9. D) =limg(s.) = E(Val¥n(l) = 1)

1-F(siv)
(I-s)f(siv)

=1we

Next consider afixed s € (0,1 ) and somes > 1— <. By assumption A3 F(slv) > 1— £ for
all v, which implies that:

Fav)™ > Fsw)" > (1-29)" > 1-bs
Using (ref: eql) and F(sv)" — | € (1 - bs, 1) we conclude that:
E(ValYn(l) =s) = (1-bd)g(s!)

For nislarge enough, continuity of g(s,1) ands > 1— < impliesthat g(s,1) > (1 -bd)g(1,1).
Therefore:



E(ValYa(l) = s) > (1-b8)%g(1,1)

We continue by showing that for any fixed |, Pr(Yn(l) > 1 - <) is bounded away from zero.
This probability is higher than the probability that exactly | signals are above 1 — <. We bound the
probability of this event by conditioningonV = v.

Pr(vn(|)>1—%)z(?)F(s_l——w) (1 F(s _1——|v))

A3impliesthat 1 - F(S = 1- £ |v) > % Asbeforewenotethat F(S = 1- £v)™ > 1-bo
which provides a bound:

Pr(Ya)>1-4)>@- b5)( )(%)'

For large enough n we have( ) > 2”, Combining, sincel isfixed we conclude that for any |
there exists some a > 0 so that Pr(Yn(I) > 1- %) > afor al nlarge enough.

Finally, consder the k-th and k + 1 order statistics. Aswe noted above, g(1,k+ 1) > g(1,k); set
5* sothat (1 - bs*)?g(1, k+ 1) > g(1,k). The Lemmathen follows aswe know that the probability
that Yn(k+ 1) isabovel — S is bounded away from zero and for any s > 1 — <~ we have:
E(Vn|Yn(k+1) =5s) > (1- b5 )29(1L,k+1) > g(1,k) = E(Vq|Ya(k) = 1) > E(Vn|Yn(k) >S).

Proof of Proposition ref: propl:

(i) Note that

fo(SV) = fs(e + 2Vv) = j f(e)f(s— £)de

We assume that € and v are affiliated so f(g|v) islog super-modular in € and v. Also note that
52 £ ';2 2(s-¢
'Ofgfgf ) — 'Oifz &) Hence, if f, islog-concave then f,(s— ¢) islog super-modular in sand e.

One can then apply Lemma 4 and Theorem 1 in Athey (2002) to conclude that S are affiliated with
V.

(if) The priceisafunction of the k, + 1-highest signal or the & — quantile and hence does not
contain more information. We argue that knowing the value of the quantile is not sufficient to
determine the value of the asset. To seethislet h(v) = thl,(a) denote the value for which conditional
onV = v the probability that ¢ islower than h(v) isgiven by a. Standard results (see Herbert (1981))
imply that the k, + 1-highest &; convergesto h(V) and hence the k, + 1 highest signal convergesto
Z+ h(V). Conditional onV = v this random variable has full support on [h(v),1+ h(v)]. Since
h(v) € (0,1) we conclude that there is overlap in the support for different values for V and hence the
claim follows.

(iif) Since the lowest signal convergesto Z, by subtracting it from the k, + 1 highest signal we
obtain in the limit the k, + 1 highest ¢;. Asnoted in (ii) this convergesin the limit to h(v). Strict
affiliation implies that h(v) isincreasing which impliesthat we are able to determine v.
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