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Abstract

We examine a seller auctioning off a set of objects to a large number of bidders, and restrict
attention to auctions that are self-enforcing in that bidders do not want to walk away from the
mechanism after they see the price that they must pay. We show that the seller’s ability to extract the
full possible revenue depends on whether the efficient allocation is concentrated among a few bidders
orisdispersed so that a non-negligible fraction of bidders obtain objects. Ifitis concentratadyhen
sequence of mechanisms that achieve the efficient allocation (and there are many) asymptotically
extracts the full surplus, and so it is in the seller’s interest to efficiently allocate objects. In contrast,
when the efficient allocation is dispersed thersequence of mechanisms asymptotically extracts
the full surplus. Moreover, in the dispersed case the seller may benefit by inefficiently bundling
objects for sale.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Consider a monopolist facing a large number of potential buyers, who may differ in
their valuations for the goods for sale and/or in the information that they hold regarding
the quality of the goods. The central question that we ask is whether the high degree of
competition among the large number of buyers enables the seller to extract the full possible
surplus from sale of the objects, and whether the seller has an incentive to allocate the
objects in an efficient manner.
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Itis well known, that with a limited number of bidders, a seller may gain from inefficiently
allocating goods, for instance by setting a reserve price; and that bidders enjoy some rents for
their private information (seklyerson (1981), Riley and Samuelson (198i)dMilgrom
and Weber (1982among others). It is also known, however, that as the number of bidders
grows a seller of a single object can extract the full possible surplus from the sale of the
object; and moreover, this is true regardless of whether the valuations are private or common.
Any mechanism that efficiently allocates the object leads to the same full reveniga(see
and Jackson (200R)Thus, a seller of a single object to a large number of bidders has
an incentive to efficiently allocate the object, extracts the full revenue, and is indifferent
between a large number of auction formats. Here we examine whether the same is true when
a seller is selling more than one object, and find that the answer depends on the structure
of the efficient allocation of the objects.

In order to study this question, we impose a constraint on the auction formats that the seller
may choose. In particulaGrémer and McLean, 1988ee alsdMcAfee and Reny (1992)
have shown that when there is even a minimal amount of correlation among buyers’ types,
then a seller can extract full rents through an elaborate payment scheme that depends in
carefulways on the underlying distribution of types, and this is true even with small numbers
of agents. Thus, there exist auction formats thatimplement an efficient allocation and extract
the entire surplus. However, such mechanisms are extreme and are not used in practice, and
might be thought as a theoretical benchmark rather than a practical device. There are several
reasons why these might not be practical, and an important one is that agents are sometimes
charged prices that they know to exceed the value of the good they obtain. Upon observing
their own allocation and payment, agents often prefer to walk away, even without knowing
anything about the information of the other agents. This means that the seller would face
the unpleasant task of forcing the mechanism outcome on its participants.

The condition we impose is that a mechanisnsék-enforcingwhich effectively means
that this never happens. The condition requires that an agent does not wish to leave after
he or she observes his or her allocation and price—but not necessarily anything about the
information of other agents. This is a condition that is slightly stronger than an interim
individual rationality constraint, but substantially weaker than an ex post constraint. Under
this condition, it is still possible that agents eventually regret having purchased an object,
say in the case of common values. Nevertheless, this condition is strong enough to rule
out the Crémer and McLean types of constructions, and is still satisfied by most standard
auction formats that one can think bf.

With a restriction to self-enforcing mechanisms, our results may be summarized as fol-
lows. If the efficient allocation is concentrated in the hands of a few agents, then any
mechanism that achieves the efficient allocation also extract the entire surplus. Moreover,
such a mechanism always exists. Thus, with concentrated allocations, the seller has an
incentive to efficiently allocate the objects for sale. In contrast, if the efficient allocation
is dispersed among a non-negligible number of bidders, tleemechanism can extract
the entire surplus. Moreover, in this case there is often tension between efficiency and
revenue maximization even in the limit. In some situations a mechanism that inefficiently
bundles objects for sale may lead to higher revenue than any mechanism that leads to an

1 An exception is an all-pay auction, where agents may be unhappy when they pay but do not get an object.



M.O. Jackson, I. Kremer/Journal of Mathematical Economics 40 (2004) 371-392 373

efficient allocation. Thus, with a large number of objects, a seller may have an incentive to
inefficiently allocate objects, even when there are arbitrarily many potential buyers.

Finally, we note that for the case of concentrated allocations, we can pinpoint how fast
the revenue of the seller grows with the number of buyers.

2. The setting
2.1. Economies

A sequence of economies is indexed /ythe number of agents in the economy. A
non-random quantity” of a good is to be sold in economy It may be fully divisible or
may come in indivisible units.

2.2. Information

Information is described by a framework introducediygrom (1981) as described in
detail further. This information structure is particularly suited to the discussion of growing
sequences of economies, all based on the same underlying information structure. We use
upper case letters to denote random variables and lower case letters to denote realizations.
We usef to denote a density or conditional density of a random variableFatoddenote a
distribution. In some cases when it may be unclear to which random variables we refer, we
use subscripts such &g (-), while when it is clear we will omit the subscripts.

Each agent € {1, ... , n} in economyn observes a private signé that takes on values
in [0, 1]. There is also an underlying random varialfiéaking on values in [01]. The S;’s
are independently and identically distributed conditionakoiihis conditional distribution
of S; givenX is described by the density functigits;|x). We assume that the unconditional
(marginal) density of each;, f(s;), is positive for alls;.

Note that we have not assumed any particular relationship between the signals and the
underlying state&X. For some of the later results, where we need to have some handle on the
structure of equilibrium, we will assume affiliation. However, for some of the main results,
this is not necessary. We also remark that we have assumed continuous distributions and
identical distributions for thé;’s (conditional onX). This simplifies exposition, but is not
necessary for the results. As will become clear in the proofs, what is necessary is that as the
economy becomes larger, any given agent will face some competitive pressure from other
agents who hold similar information.

Let S denote the vector of signal, ... , S, and letS_; denote the vector of signals
omitting S;. Let Y(k) denote thek-th order statistic of the signalsand letY_;(k) denote
thek-th order statistic of the signals ;.

We assume that:

Assumption A(l). f(x|s;) is continuous (in(x, s;)), positive for all(x, s;), and has a partial
derivative with respect tg that is bounded above and below regardlessof

2 All that we require is that there exist> 0 such that for almost eveny| f(x|s;) — SxIsHI < alsi — si| f(x]s)),
which is implied by these assumptions. In fact, for most of our results it is sufficient to assume only continuity.
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The important implication of this condition is that two nearby signals provide similar
information about the realization of.

2.3. Preferences

Agenti’s valuation for the good is described by [0, 1]> — [0, 1], wherev(s;, x) isi’s
valuation given the realization(s;, x) of i's signal and of the state variable.
Unless otherwise stated, we assume that the payoff to a bidder from consuming an amount
qgi is
v(si, X)q;.

At some points, we also consider a case where agents become satiated beyoad some
In the example at the end of the paper, we illustrate some issues that arise when preferences
take a richer fornt.

In this setting,X represents an objective quality of the good or part that is common
to all bidders; and the signdl has a dual role: it contains information regardikigand
also represents a personal taste (ddgrom (1981). This framework includes as special
cases settings of pure private values, whesg x) = s;, and pure common values, where
v(s;, xX) = X.

The following condition requires that at least one of the variables be important, and that
there is some upper bound on the derivative with respect to the private signal.

Assumption A(I1). v(s;, x) is differentiable and non-decreasing in both variables, and there
existp > 0 andy > 0 such thabv/ds; + dv/dx > p anddv/ds; < y.

Condition A(Il) is important in implying that signals have some importance, either directly
in terms of private values and/or indirectly in providing some information about preferences
through the common component. The upper bound also puts some limit on how sensitive
preferences are to information.

2.4. A private value component

We sometimes refer to situations in which there is some private value component to the
valuation. This does not have to be a case of pure private values, but is captured by the
following definition.

A good has grivate value componeiittthere existst > 0 such thabv/ds;(s;, x) >
for all (s, x).

2.5. Mechanisms

Invoking the well-known revelation principle, we restrict attention to direct mecharfisms.
A mechanism in the-th economy is a pair of functiong”, *), where

3 The main results extend to cases where the valuation takes avferm)h(g;), for a non-decreasing and
concaveh, which incorporates the example. However, the simpler formulation provides for a more transparent
exposition.

4 Under our information and preference assumptions, there exists a (symmetric) equilibrium for a wide variety
of auction formats (including all the standard ones) if the tie-breaking is allowed to be endogenalacksen
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1. ¢" : [0,1]" — R”" is an allocation rule that assigns quantities to bidders as a function of
the profile of announced signalssuch thay "}, ¢” (s) < 0", and

2. 1" . [0, 1]" — R’} is a payment function that specifies the payment each bidder makes
as a function of the profile of announced signale/herer; (s) denotes the payment of
bidder.

We make three remarks about the allocation and payment functions. First, the allocation
function does not necessarily allocate all@f. This allows for the incorporation of reserve
prices into the auctions considered. Secafigdan be positive even wheyf is not. Thus,
the specification allows for bidders to pay even when they do not receive any allocation,
and so it allows for features such as entry fees and “all-pay” requirements. Fhimdd:!
can be thought of as expected allocations and payments so that randomization is permitted.

In some of the examples we consider mechanisms that treat bidders symmetrically. Most
of the results, however, apply to asymmetric mechanisms. We explicitly note when sym-
metry is assumed.

Bidders are risk neutral, and so under a mechanigh:") the expected surplus (or
payoff) obtained by bidderwho has a signal; and declares; is

Sur! (s, s;) = Elq} (s;, S—i)v(si, X) — 11 (s}, S_)|S; = si].

Note that Suf is a function of the mechanis(y”, 1), but we suppress this notation as the
mechanisms will usually be given.
Incentive compatibility is written as

Sur’ (s, si) > Su! (s;, s7)

for eachi, s;, ands].>

2.6. Participation and self-enforcing mechanisms

A key ingredient in our analysis are participation constraints. We focus on mechanisms
such that agents weakly desire to participate after observing the terms of trade, that is, after
learning the quantity they will receive and the price they will pay. We name such mechanisms
self-enforcingFormally aself-enforcingnechanism is one where for any ageand almost
every profile of signals,

q; (VE(si, X)1S;i = si, ti = 1 (5), g = q; () = 1] (5).

To gain a better understanding of this condition, it is useful to compare it to an interim
individual rationality constraint and an ex-post individual rationality constraint.

et al. (2002), and even with fixed tie-breaking for the case of private and possibly correlated valudag¢ksen
and Swinkels (200}) Regardless of whether one deals with a pure or mixed strategy equilibrium or the nature of
the tie-breaking, the corresponding direct mechanism is handled by our approach in this paper, and so the results
here apply.

5 As usual, all conditions are required to hold only almost surely and we omit such mention in what follows.



376 M.O. Jackson, I. Kremer/Journal of Mathematical Economics 40 (2004) 371-392

The interim individual rationality constraint implies that agents who have observed their
signals weakly desire to participate. This constraint can be expressed as:

E(q] (si, S—pv(si, X)|S; = 5) = E(t] (si, S-)|Si = s1),

for all agents and almost all signals.

Interim individual rationality is weaker than self-enforcement as agents do not condition
on the realization of their payment and allocation. A critical difference is that the mecha-
nisms proposed bZrémer and McLean (198&)e interim individual rational but are not
self-enforcing.

An ex-postindividual rationality constraintis such that agents weakly desire to participate
after observingll private information. It can be expressed as

q; (E(si, X)IS = ) = 1/ (s),

for all agents and almost all profiles of signais

Ex post individual rationality is a stronger constraint than self-enforcement as agents
condition on all private information and not just what they directly observe. Apart from the
pure private values case, standard auction formats fail to be ex-post individually rational.
To see this, consider a standard sealed-bid first price auction, with a pure common value to
the object and where high signals lead to higher expectations regarding the common value.
In the event whera — 1 agents get the lowest possible signal while one agent observes
the highest possible signal then the winner regrets his participation after having learned all
of the signals. A similar phenomena happens in a second price auctiomwh@rget the
lowest possible signal and two agents observe the highest possible signal.

In sum, self-enforcement is stronger than an interim individual constraint and weaker
then an ex-post participation constraint. It has the advantage of accommodating auction
formats used in practice while relying on information agents directly observe.

The justification for self-enforcement depends on the ability of bidders to walk away
from the mechanism, or to back out of making a payment, once they have learned the terms
of the mechanism. Self-enforcing auctions are such that the bidders will be willing to make
the prescripted payment and accept the object, once these terms of trade are realized.

2.7. Concentrated versus dispersed allocations

Letg, = Q,/n denote the per-capita supply of objects for sale.

2.7.1. Concentrated allocations
A sequence of allocation functiorig”} is concentratedf for every b > 0 there exists
ann’ such that fom > n’ and every

Prob({E [q;;(s) |S,} > b}) <b.

2.7.2. Dispersed allocations
A sequence of allocation functiorig”} is dispersedf there existsh > 0 such that for
infinitely manyn
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Prob({E [qé(S) |S,} > b}) > b,

for a number of agentisthat is at leasbn.

In what follows, we refer to a sequence of mechanisms as being concentrated or dispersed
if their corresponding allocation functions are.

The intuition behind these definitions is that a completely evenly dispersed allocation
would giveq! = g, to each bidder, so that' /g, would be 1. If, instead, this expression
is going to zero for almost all bidders, then the allocation is concentrated in the hands of
just a small proportion of the bidders (i.e., those who saw certain signals), while if it is not
vanishing for some non-trivial proportion of bidders (and so one can expect to get objects
conditional on seeing a non-trivial range of signals) then there is reasonable dispersion.

Let us make a few remarks about the details of the definitions.

First, they are defined relative to the per-capita supply of the good. It is possible to have
a dispersed allocation evengf — 0 and each bidder’s allocation is actually going to 0.
Similarly, it is possible to have a concentrated allocation even vgher oo and where
every bidder is getting an arbitrarily large allocation in the limit, but the highest signal
bidders are getting the lion’s shdt&o the important intuition regarding competition that
emerges here is that it is tihelativedisparities in allocations that determine whether or not
surplus is competed away in large auctions.

Second, the definitions allow for asymmetric mechanisms, so that different bidders might
have different expectations under the mechanisms in question. However, it is important to
note that concentration requires a uniformity in the convergence across hiddétisout
this, it would be possible, for example, to have non-vanishing fractions of bidders expecting
to get significant fractions of the objects at any date. For example, suppose that objects are
simply randomly given to agents with labels betweg andn in auctionn. Here, any
given bidder eventually expects to get no objects at all, and yet the allocation is clearly
not what one would want to call “concentrated.” Thus, the uniformity in convergence rates
across bidders under the definition of concentration is critical.

Third, there is a gap between the definitions of concentrated and dispersed allocations, and
some sequences of mechanisms do not fall into either category. This gap is necessary given
that we wish to account for asymmetric mechanisms. For instance, consider the following
situation. There are bidders and the object is always simply given to bidder 1 at a price of
0.” This clearly fails to be a concentrated sequence under the definition. This is important,
because theresults thatare claimed for sequences of concentrated mechanisms (e.g., bidders’
surplus going to 0) would not be true for this particular sequence of asymmetric mechanisms.
Note also, that it would not make sense to call this a “dispersed allocation,” as the objects
are always going to one bidder. The reason that our results do not apply is that the particular

6 These features make the conditions different, for instance, from checking wiggttaerdn — Q" are getting
large as in the double-largeness conditiorPesendorfer and Swinkels (199T) fact,n — Q" does not play
any role in our analysis, an@" only plays a role in the denominator in determining relative allocations. This
means that there are some differences between conditions that ensure information aggregation, and those which
correspond to surplus extraction.

7 This is not such a silly mechanism, as note that it corresponds to an asymmetric equilibrium in a second price
auction where bidder 1 always bids 1 regardless of her signal and all other bidders always bid 0.
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asymmetry in the mechanism has eliminated all competition for one bidder. Thus, allowing
for asymmetric mechanisms requires some gap between the definitions. Note, however,
that if one restricts attention to symmetric mechanisms, then the definitions are essentially
complementary.

Finally, whether the allocation is concentrated or dispersed depends on the setting and
the equilibrium that will result in a given sequence of auctions. Looking at things through
the lens of the allocation allows us to extract the general insight regarding how compet-
itive forces work in large economies and how this depends on the distribution of goods.
Nevertheless, it is important to be able to tell which type of allocation applies in different
situations. The classification of whether or not the allocation turns out to be concentrated or
dispersed is often straightforward. That is, many situations can be categorized into general
classes where it is clear which type of allocation will result under most standard auction
formats. A simple classification is as follows.

e A concentrated allocation will necessarily result if the quantity of good to be allocated
(Q™) is a vanishing fraction ofi, the good is (asymptotically and approximately) effi-
ciently allocated, and there is some private component to the valuation.

e Adispersed allocation will necessarily result if bidders have a finite bound on the amount
of the good that they desire and the amount of the good grows in proportion to

The above only provides a rough classification, but still covers many of the cases of
interest. Auctions of limited numbers of objects (e.g., an art auction) will generally fall
into the first case and have a concentrated allocation, while auctions of many objects (e.g.,
treasury auctions) will often fall into the second case and have dispersed allocations. Given
the variety of mechanisms and settings admitted in the model, a fuller characterization of
when concentrated versus dispersed allocations result would be quite complicated, without
adding much insight. We provide a fuller treatment of two prominent auction formats
(uniform and discriminatory) iddackson and Kremer (2003jVe now turn to analyzing
auctions under the two types of allocations.

3. Concentrated allocations

We first examine the implications of implementing concentrated allocations. In concen-
trated allocations, for any bidder who gets a significant proportion of the good there exists
another bidder who receives a nearby signal (and hence has nearby beliefs and valuation),
but only gets a relatively small amount of the good. The competition from such nearby
bidders eliminates the surplus enjoyed by all bidders.

Theorem 1. If A(l) andA(ll) hold, then for any sequence of concentratetierim individ-
ually rational8 and incentive compatible mechanisr@Ei Sur! (S;, S,-)) / Q" converges to
0 in probability.®

8 Interim individual rationality implies that the same holds for self-enforcing mechanisms.
9 We actually prove that thexpecteger unit surplus converges to 0, which implies convergence in probability
since this is a nonnegative random variable.
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The intuition behind the theorem is as follows. Under a concentrated allocation, the cir-
cumstances in which a bidder can expect to win non-trivial amounts of objects (in per-capita
terms) is shrinking. That is, the set of signals under which a bidder expects to win objects is
a shrinking set. Nearby signals must lead to expectations of no surplus. Then given incentive
compatibility and the fact that nearby signals lead to nearly the same expectations, since
nearby signals expect a low surplus, the winning signals must also expect a low surplus. In
terms of more traditional language of competition: the objects are being concentrated in the
hands of just a few winning bidders. As the economy grows, there will also be many other
bidders who have very similar information and preferences to those who end up winning.
The competition between these bidders eliminates the surplus.

3.1. Optimal mechanisms

Theorem limplies that the total revenue in a sequence of auctions with concentrated
allocation functions is the approximate full (expected) valuation of the objects to the winning
bidders. As we have not specified the allocation functions beyond being concentrated,
this does not necessarily imply full revenue extraction. For instance, it could be that the
mechanisms never give any objects away and do not result in any revenue. A sufficient
condition for full revenue extraction is that the efficient allocation be concentrated, as
thenTheorem limplies that any sequence of auctions that results in efficient allocations
provides full revenue extraction in the limit. One implication of this is that with large
numbers of bidders, auction formats that lead to efficient and concentrated allocations also
lead to approximately full revenue and one does not need to resort to the complicated and
parametric types of mechanisms identifieddr¢mer and McLean (1988ndMcAfee and
Reny (1992)Moreover, this holds in a variety of settings, including correlated private values,
common values, as well as under complete independence (where Crémer and McLean
mechanisms fail to work).

To be careful, we have to argue that there exist mechanisms that achieve efficiency (at
least approximately when efficient allocations are concentrated) in order for the above
statements to be non-vacuoifsindeed, there exist mechanisms, even symmetric ones,
that will achieve an approximately efficient allocation in a variety of situations, and so full
revenue extraction is feasible. This mechanism even satisfies ex-post individual rationality
constraints and works without the correlation structure inherent in the Crémer—McLean
approach. Without giving a formal argument, let us heuristically describe such mechanisms
in the case where the efficient allocation involves awarding all objects to one Bfdtfer.

Pick some subset of agents and ask them their signals. If symmetry is desired, randomly
pick the agents. Keep this set of surveyed agents of gizeso that it grows withn,

but is negligible in the limit. These agents will not get any of the allocation, so it is in-
centive compatible for them to reveal their information. Based on their announcements,

10 We thank a referee for pointing this out.

11 without any satiation it is efficient to treat the supply as indivisible. This can be modified as long as the efficient
allocation is concentrated.

12 variations on this sort of “folk” mechanism appear in a number of places. For an auctions version, where
interdependencies in valuations are present,Jse&son (2003)For versions satisfying strategy-proofness in
private values settings, s€®rdoba and Hammond (199&8)dKovalenkov (2002)
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estimateX, and therv(1, X). Randomly order the remaining agents, and make them take
it or leave it offers at the price of(1, X) — &, until some agent agrees to buy the ob-
jects. This will happen with very high probability for large enoughand the object(s)

will end up in the hands of an agent who values them at nearly the maximal possible
level.

3.2. Revenue equivalence

Theorem Iprovides a revenue equivalence result, in that any two sequences with sim-
ilar allocation functions must result in similar revenues. This is stated in the following
corollary.

Corallary 1. Let A(l), A(ll) hold and consider two sequences of incentive compatible
and interim individually rational mechanismgq”, )} and {(§", #*)}, with concentrated
allocation functionslf the allocation functions are approximately the saie,

E[Y, q(Du(Si X) — X 81 (S)u(Si, X)]
Qﬂ - O

then they lead to approximately the same expected revenues

E[Y 818 — X 19| N
Qn

Corollary 1provides a fairly general asymptotic revenue equivalence theorem, asitapplies
with correlated values and/or common values, and the sale of more than oneldbject.

As we shall see, it is critical to the above result that the mechanisms be concentrated. Oth-
erwise, mechanisms with identical allocation functions can lead to very different revenues,
even in the limit.

Bl

0.

3.3. Indivisible goods

A case of concentrated allocations that is of particular interest is where an indivisible good
is to be auctioned to the highest bidder. This covers, for instance, first price, second price,
and English auctions. We focus on this case to get some insight into rates of convergence to
the competitive outcome. We first show that the surplus to the winning bidder decreases at
a faster rate than/h* for anya < 1. To develop a tight bound on surplus, we also consider
the following condition on the information structure.

Assumption A(I11). There existg > 0 such thaB > f(s;|x) > 1/8 for everys; andx.

A(Ill) bounds the likelihood of any signal conditional on a givErboth above and below,
thus limiting the informativeness of any given signal and implying some diversity in the
signals observed.

13 Corollary 1generalizes the main result Bali and Jackson (2002in that it applies to the auctioning of more
than one good, and also allows for entry fees. However, it requires more structure on information (the mineral
rights setting) and on mechanisms than the resulBatifand Jackson (2002)
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Theorem 2. Let A(D-A(IIl) hold and consider a sequence of incentive compatible and
interim individually rational mechanism&q”, ")}, which award the entir@” to a highest
signal observerThe bidders’ surplus (per unit) converges to zero at a rate faster tfiaf
foranya < 1. Thatis for anya < 1,n ), Sur’(S;, S;)/ Q" converges to 0 in probability

The bound inTheorem 2comes from bounding the conditional probability of winning
for an observer of a given signal. That probability goes to 0 at an exponential rate, even
for signals going to 1 at a rat€' (¢ < 1). This bounds the surplus that can be expected
for high signals. The continuity of information then implies that this surplus is approxi-
mately the same as is enjoyed by the highest signal. The complete proof appears in the
Appendix A

We now explore the tightness of this bound. We show that the surplus going to bidders
is at least the order of/k in any case where the good has some private value component,
and so the bounds establishedlimeorem 2are tight for a standard class of auctions.

In order to obtain this bound, we need to have some handle on the structure of bidding,
and to this end we add an assumption of affiliated signals in the usual form of the Monotone
Likelihood Ratio Property, so that higher signals relate to higher expected values of the
common parametex.

Assumption A(1V)

FGsilx) f(si|x") > f(six) f(si]x) foralls; > s;andx > x'.

Theorem 3. LetA(I)-A(IV) hold and consider a good that has a private value component
and a sequence of self-enforcing mechani§s, ")}, which award the entireD” to a
highest signal observefhere existg > 0such that the total surplus per unit to the bidders
is at leastp/n for all n. That i there exist® > 0 such that for any:

E[Y;Suf' (S, SH] ¢
Q” > ;

Theorem Fhows that the bound establishedlimeorem s tight. It is proven by showing
that the winner expects a distance between her signal and the next highest signal that is on
the order of Xn. This implies, given the private value component, that the winner expects
to have a valuation that is higher than the second highest by an amount that is of the order
of 1/n. Then, regardless of the particular payment format, incentive compatibility implies
that winner must get a surplus of the order ¢f11

If we allow for arbitrary mechanisms, then with correlation among the signals there is
a possibility of extracting full surplus from the bidders, as showiCb§mer and McLean
(1988}, The full extraction mechanisms are ruled out urifleeorem s payments never
exceed the maximum possible value and are only made conditional on receiving the object.
Neither of these conditions are met by the Crémer—McLean style mechanisms, as such
mechanisms require occasionally large payments and payments even by bidders who do not
obtain the object. These features of Crémer—McLean style mechanisms are not exhibited by

14 McAfee and Reny (199Zhow that this is also true for the continuous signal case, to an arbitrary approximation.
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many standard auction formats (e.qg., first price, second price, English auctions, etc.) which
satisfy the condition oTheorem 3

3.4. An application to endogenous entry

We now show that the results regarding the convergence rate of bidders’ surplus are not
simply a technical curiosity, but can be used to provide insight into auctions where the entry
decision is endogenous and cosfly.

Suppose that a quantity of the gogdis sold as an indivisible good, and bidders must
pay an (ex-ante) entry fee oft® Let us examine the number of entrants and the markdown
in prices as a function ad and entry cosk. The novelty is that we establish these relations
without relying on a specific mechanism. We only assume that mechanism does not charge
a bidder unless they get the good (excluding the entry cost), payment never exceeds the
upper bound on the good’s value, and the good has some private value component (we also
assume the information assumptions from the last section).

Theorem 3tells us that there exists sorme> 0 such that the total surplus that goes to
bidders exceedgQ/n for anyn. Hence, in order for it to be an equilibrium farand not
n + 1 bidders to enter (at an ex-ante stage before signals are observed) we know that

. 1 <¢Q)
“n+l\n+1

or that

n > @—1.
c

This gives us a lower bound on Next, let us develop an upper bounddf ¢ (and hence
n) is large,Theorem Zbounds the total surplus to be bel@y n? for anya < 1. Thus, for
n bidders to be willing to enter we must have

()=
n)nt ="

1/(1+a)
9
C

Putting these lower and (approximate) upper bounds together leads to

1/(1+a)
(e 2

or

c -

15 For other examples of usefulness of such convergence rates in auctions and bargaiRingtiedni et al.
(1994)andNeeman (1999)

16 We are considering a two stage process where bidders first decide whether to enter or not and then observe
their signals and participate in the auction if they have paid the entry fee.
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for anya < 1. So, we have obtained an approximation on the number of bidders who will
enter an auctioh!

Y
no, =
c

Since the expected surplus excluding entry costs that goes to the bidders is on the order
of 0/n (Theorems 2 and)3substituting from the approximation farwe find that the
expected surplus going to bidders in the auction is approximately proportionaDm

This in turn implies that the average markdown in price per unit (compared to the winner’'s
valuation) is approximately proportional tgc/ Q.

4. Dispersed allocations
We now turn our attention to sequences of auctions with dispersed allocations.
4.1. The impossibility of full surplus extraction

There is a major difference in behavior between mechanisms with dispersed versus con-
centrated allocations. The following theorem shows that the (approximate) full-extraction of
revenue that occurs with concentrated allocations will not hold with dispersed allocations,
regardless of the mechanism employed.

Theorem 4. Suppose thad(I)-A(IV) hold, and consider a good that has a private value
component and a sequence of incentive compatible and self-enforcing mechanisms with
dispersed allocationsThere existsp > 0 such that the expected total surplus per unit
obtained by the bidders in the auction is at leag” for infinitely manyn. That is there
existsg > 0 such that for infinitely many

E [Z Sur! (;. S»] > ¢Q".

Theorem 4ells us that if the allocation is dispersed and there is any private component
to the valuation structure, then bidders necessarily capture non- negligible rents, even in
arbitrarily large economies.

We state the intuition for the case where allocations are to high bidders, but such mono-
tonicity is not essential (see the proof for details). Under dispersed allocations, a bidder
with a high signal could pretend to have a slightly lower signal and still expect with some
non-trivial probability to obtain some of the object. As long as (i) the high signal bidder does
not expect to pay more than what would be fair for a bidder for the lower signal (implicit in
self-enforcement), and (ii) according to the high type’s belief a lower type should expect to
get a non-trivial fraction of the good (the role of dispersion), it follows that the high signal

17 The approximation, of course, is only valid for largeand so is more accurate if the total value of goods to
be auctioned relative to the entry cogt/c) is large.
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bidder could obtain a positive expected surplus by pretending to have observed the lower
signal. By incentive compatibility, the high-signal observing bidder must get at least this
surplus under truthful announcement of his signal.

An implication of Theorem 4s that the possibility of designing mechanisms that extract
full revenue is precluded for the case where the efficient allocation is dispersed, at least
under self-enforcement.

It is also interesting to note that approximate revenue equivalence no longer holds when
the efficient allocation is dispersed. This is illustratedJagkson and Kremer (200@&ho
provide a detailed comparison of Discriminatory and Uniform price auctions for the case
of private values.

4.2. Revenue versus efficiency

While Theorem 4shows that when the efficient allocation is dispersed full revenue ex-
traction is not possible, it is still conceivable that in a large society, subject to allocating
the goods, the seller would want to allocate them efficiently. We now point out, however,
that even subject to allocating all of the goods, the seller may want to inefficiently allocate
them, and hence there can be a very fundamental tension between efficiency and revenue
maximization. For this, we look to a richer preference structure than that examined up to
this point.

In auction design, there are several tensions between efficiency and revenue that have
been noted in the literature. First, the commitment to a reservation fee can raise expected
revenues while decreasing efficiency (e.g., Bserson (1981), as sometimes an object
is not sold when it would be efficient to do so. Second, with asymmetric distributions
of information, awarding the object to the bidder with the highest virtual utility (which
maximizes revenue) may conflict with awarding the object to the bidder with the high-
est utility (which is efficient), as shown bylyerson (1981) Third, with heterogeneous
objects, a seller may have an incentive to bundle objects togéadirey, 1983; Jehiel
and Moldovanu, 2001)The example below points out that such an incentive to ineffi-
ciently allocate objects (in particular to bundle them) arises even in a case with homoge-
neous objects, independent symmetric type distributions, and subject to allocating all of
the goods!

Example. Bundling

S; is distributed uniformly on [01]. There are:/2 indivisible objects to be allocated.
Instead of having a constant marginal valuation up to some satiation point and then no value
beyond that, let us consider a slightly richer structure. Bidders have a vaiyéo# first
object, a value of; /2 for a second object, and no value for any additional objgtts.

First, consider any (approximately) efficient allocation, which for large numbers cor-
responds (approximately) to giving one object to each of:itf highest signal obser-
vers. Given the independent signals, revenue equivalence among individually rational

18 As we pointed out earlier, while we specified a linear framework our results generalize to such decreasing
return to scale framework.
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mechanisms holds in this world (séeisubel and Cramton (1995)and so the expected
revenue of any mechanism that results in this allocation converge2 tpet object.

Next, consider the following inefficient allocatidfiObjects are bundled and only sold
in pairs. The pairs of objects are awarded tosié highest signal holders via a Vickrey
auction. In this case, the price setting bidder for largéll have a signal of approximately
3/4. That bidder's valuation for a pair of objects will b¢43+ (1/2)3/4 = 9/8, and the
revenue per object converges t4l8.

Although bundling leads to an inefficient allocation, it lead to an increase in revenue of
over 6% compared to mechanisms leading to the efficient allocation.

In the case of dispersed allocations we know that the mechanism matters. Moreover, as
the example shows, sellers might prefer auctions which bundle objects in inefficient ways.
Obtaining a better understanding of optimal mechanisms in such situations, as well as the
tension between efficiency and revenue maximization, is a challenging but important open
problem.
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Appendix A

Lemma 1. UnderA(I)-A(lV), if a mechanism is self-enforcing then
Elq} (sis S—)v(si, X) — 1 (si, S—)ISi = s'i]1 = 0,

for anyi and almost every; ands; such thats’; > ;.

Proof of Lemma 1. By the law of iterated expectations
E[q! (si, S—i)v(si, X) — 1 (si, S—i)|Si = ']

= E[q} (si, S—) E[v(si, X)IS;i = 51, ¢! (siy S—i), /' (siy S—i)] — £7(si, S—)|Si = 5]
;7 20

for almost every; ands;.
19 As shown byAusubel and Cramton (1999 perfect resale market for goods leads to a revenue maximizing
mechanism being an efficient one. So, it is important that perfect (costless) resale is not possible in this example.
20 Note that under A(l) and A(lll), the supports §f ; conditional ons; and conditional on; are the same, and

so conditioning ors; = s7, ¢ (si, S—), 1 (si, S—;) iS not a problem.
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A(IV) implies that for almost every; ands’;
E[v(si, X)1Si =i, ¢} (siy S=i), 1] (si, S—i)]
> E[v(si, X)|Si = si, q; (si, S=i), ] (si, S=i],

almost surely. Thus,

E[q] (si, S_)v(si, X) — 1] (si, S_)|Si = 5'i] = Elq] (si, S—i) E[v(si, X)|

S =si,qi = q} (i, S—i), ti = 1] (si, S—)] — 1] (si, S| S; = 7). (A.1)

By self-enforcement, it follows that for almost evety

q; (si, S—) E[v(si, X)IS = si, qi = q; (si, S—i), ti = 1] (si, S—)] — /' (si, S—i) = 0
for almost every realization cf_;. Thus, it follows from(A.1) that

Elq} (si, S—)v(si, X) — 1 (s;, S—)1S; = 5'i] = 0,

as claimed. O

The following “continuity” lemma is useful. It states that the surplus obtained by a given
type is nearly obtainable by a nearby type who pretends to be of the given type.

Lemma 2. If A(l) and A(ll) are satisfiedthen in any sequence of interim individually
rational mechanisms and for amy

IS (51, 5}) — SUP(s), )| < (2 + Ylsi — SIE" [} (S)]Si = 5],
for all i and for almost every;, s';, for somex > 0 andy > 0.
Proof of Lemma 2. Write

I" + 1" > |Sur(s;, s;) — Sur! (s}, s1)|

wherel” is the difference in the utility from the good received:
I" = ‘/q?(S,’»,sl')v(Si,X) dF" (s—i, x|s;) _/‘]?(5;,Sfi)v(sg,x)an(sfi,ﬂS;)
andll” is the difference in expected payment

" = ‘ [ s ar s — [ 85 s-0dF i)

Step L. 1" < (a+ Y)lsi — || E[g] (S)|Si = s]]
A(ll) (dv/ds; < y) implies that for any:

‘/ q:i(siv S_j)[U(Si, .X) - U(S;s x)]dF"(s_,-, X|S;)

< ylsi — si|Elq} (S)|Si = s7].
(A.2)
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A(l) implies that:

[dF" (s—ilsi) — dF" (s—i|s)| =

" (s—ilX) (flxls) — flxls)) dx

<alsi — s;|dF" (s—i|s}).

Then since > |v(s, x)|, we deduce that:

(A.3)

/Qfl(sé,S—i)v(Si,x)dF(S—i,xlsi)—/Q?(Sﬁ,S—i)U(Si,x) dF" (s—;, x|s7)

< alsi — s{|E"[q] (9)1S; = s]].
Hence, the claim in Step 1 follows fro(A.2) and (A.3)

Step 2. 11" < als; — si|E" [} (S)|S; = 5]
By A(l) it follows that

‘/t{’(S§,s_i)dF"(s_iISi) —/t,”(S§,s_i)dF"(s_iIS§) < als; — sj|E"[1] (9)|S; = 5],

for somea > 0. Thus,II” < als; — si|E"[t!(S)|S; = s;]. From the interim individual
rationality constraint and the fact that=lv(s;, x), it follows that:

E"[q} (8)|Si = 5] = E"[](9)|Si = 5]].

which concludes the argument. O

Proof of Theorem 1. We actually prove that

(Z Sur!(S;, Sl / Sur"(s s)
— L dF(s),
or Z 0,1] ©

converges to 0, which implies convergence in probability sincg@yrs;) is a nonnegative
random variable.

Fix any smalle and byLemma 2find aé such thafs — s*| < & iimplies that for alli and
n

|Sur! (s*, s) — Sut! (s, )| < eE"[¢} (9IS; = s].

For the givere, let A (¢) denote the set of types who expect to receive supply lessihan
that is:

Al(e) = {si st. E[ql( s, —s,:| <s}.
qn

Pickn > n’ (wheren’ is defined by concentration) so that for arhat is in the support
of f, there exists?(s) € A% (e) such thatls — s7(s)] < é. Incentive compatibility and
Lemma 2then imply that:

Sur! (s, s) < Suf!(s?(s), 57 (s)) + €E"[q} (S)|Si = 5] (A.4)
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We can bound the surplus of typg<s) € A% (s):

Xi: w - ZE [q’;(f) = S;Z(s)} < (A5)
Thus, from(A.4) and (A.5)it follows that for large enough
Sur’(s, s) / E"[q} (9IS = 5]
——dF + ’—dF . A.6
Z/[o,u On W =e Z [0.1] © (A9)
Since

Qn > Z / E"[g}(S)|Si = s]dF(s),

it follows that
1> Z/ de). (A7)
[0.1]

(A.6) and (A.7)then imply that for large enough

Z / SUTE: ) ks < 26, O
[0.1]

}’Z

The following lemma is useful in the proof @heorem 2

Lemma3. Lets" =1— n.“_l. If A(Ill) is satisfiedthen there exists sonbe> 0 and some
N such thatFys (1), (s"|s,) < e foralln > N.

Proof of Lemma 3. The claim is clear if: > 1, so consides < 1. Write
FYﬂi(1)|S,-(Sn|S£,) = / Fyn yx (s" |x) fx]s})dx.
X

By A(lll) it follows that for any x

na—l n—1
Fyn ayx(s"|x) < <1— )
B
Thus,
. na—1 n—1
Fyn s (8" 1sy,) < (1— )
B
Since(1 — n*1/p)"~1 — e /B the claim follows. O

Proof of Theorem 2. First, we show that for any > 0, there existsV’ such that for alk;
and alln > N’

Sur'(si, s;) < 2an*1Q", (A.8)

whereq is identified in A(l).
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Lets” = 1 — n%1 and identifyb and N from Lemma 3 such thatFygi(msi (s"|sfl) <
e ™ foralln > N.

If s; < 5" for somen > N, then it follows that Sut(s;, s;) < Q"e . Taking, N” to
be large enough so that®" < wn?1, we know that(A.8) holds for anys; < s" when
n > N =maxN, N"}.

Next, consider any; > s for somen > N'. By Lemma 2

ISur(s”, si) — Sur*(s;, ;)| < an®"1Q".
Since ePNQ" > Sur'(s", s") > Sur'(s", s;), this implies that
Sur(s;, s;) < € PNQ" + an® 10",

Sincen > N’ we know that €®™ < an~1 (recall the definitions ofN” and N’), and so
(A.8) holds for anys; > s". Thus, we have establish¢4l.8).

So, let us now argue that for amy > 0, n1~¢ > ;i Sur'(S;, S;)/ Q" converges to 0 in
probability.

SinceQ” goes to just one biddét,

/SUI”(SZ', Si)dFyn(l)(Si) > FE |:Z Sur*(S;, Si):| .
So, from(A.8) it follows that for anya > 0 there existgV such that for any: > N
E [Z Sur'(s;, si)] < 2an®1Q". (A.9)

Letus verify that this implies the theorem. First, we show th&t* E [Zi Sur!(S;, Sl-)])/Q"
converges to 0. Suppose the contrary. Then there exist9 ands > 0 such that

E [Z Sur'(s;, S,-)] > sn?1on

1

for infinitely manyn. Takinga < &, this violates(A.9)for some large enough. Thus,
our supposition was incorrect and eol‘“E[Zi Sur!(S;, SH])/ Q" converges to 0. Since
Sur!(S;, S;) = 0, it follows that for anya > 0, (nle > i Sur'(S;, Si))/ Q" converges to 0
in probability. O

Proof of Theorem 3. We boundnSur'(s;, s;)/ Q" from below (across:) for a bidder
observing some; > 1 — (a/n) and reportings; = 1 — (2a/n), for somea > 0. By
incentive compatibility, this gives a lower bound a8ur’(s;, s;)/ Q". We then show that
there is a probability bounded from below that a winning bidder observes such a signal,
which then implies thatE[}"; Sur'(S;, S)]/ Q" is bounded below.

21 This inequality needs not hold with equality, since it may be that payments are made by losing bidders.
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So, let us show thaiSur'(s;, s;)/ Q" is bounded below for a bidder observing some
si > 1— (a/n) and reporting; = 1 — (2a/n), for somea > 0.

Sur(s;, si) = /q?(s;, s_)(si, x) — (s, s—)dF" (x, s_i|si)) = I" + 11"
where,

I" = /%"’(S;, s—i)[v(si, x) = v (s}, )] F" (s—i, x|s:)
and

1" = [l 65006 = 165 5Dl F el

We first note thatemma limplies thatll” > 0. We now examing”. Since the good has
a private value component(s;, x) — v(s;, x) > ta/(2n). This implies that:

Ta
1" > QnZFYf,.(lﬂsi (sils). (A.10)

Given the state&X = x signals are independent, hence:

Fyn s, x (5i18i, ) = Fyn (ayx (s{1x) = Fs,x(six)" 1
Using Assumption A(lll), we conclude thdfs, x (s;|x) > 1 — (2ap)/n for all x which
implies that that there exists somé > 0 so that?

Fyr yx (sl0) > o*

Thus, sinceFyr (s, (silsi) = [, Fygi(1)|x(s§|x)df(x|si), it follows from (A.10) that 1/
(Q"/n) is bounded below.

To complete the proof, we need to show that the probability that the winning signal is
larger than 1- (a/n) is bounded below. Again, A(lll) implies thds, x (1 — (a/n)|x) <
1— (a/Bn) for all x ands; > 1 — (a/n). Thus, Fyrqyx(A—)a/n)|x) < (1 — (a/pn))",
which converges to&/#. So, there is a probability bounded below that the winning signal
exceeds - (a/n). O

Proof of Theorem 4. We need only prove the theorem for symmetric mechanisms. The
extension to asymmetric mechanisms is then seen rather simply. Suppose to the contrary that
some sequence of dispersed asymmetric mechanisms leads to an expected surplus heading
to zero. Construct a sequence of symmetric mechanisms by randomly labeling the agents in
then-th mechanism. This must lead to the same expected total surplus, and is still incentive
compatible, self-enforcing, and dispersed. But this would contradict the fact that the result
holds for symmetric mechanisms.

22 The expressioil — (2a8/n))"~* converges to e,
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By dispersion, there exists > 0, a > 0, and for each: (taking a subsequence if
necessary) a signg! < 1 — 3¢ such that

a
E(q; (si, S-DISi = s7) > —On.

Since, by Al f(x|si)/f(x|s;) — 1| < als; — s}, it follows that| f(s_;|s;)/f(s—i|s!) — 1] <
als; — s?|. Thus, there existssuch that for any; € [s + ¢, 5! + 2¢]

nen a
E(q (57, s-0ISi = 5) > 5-On.
n
In aself-enforcingnechanism based dremma 1
Elg! (s S-)v(s]. X) = s} S-)lsi] = O, (A11)

foranys; € [s! + ¢, 5! + 2¢]. Since the good has a private value component, and by A(ll),
we know that there exists> 0 such thab(s;, x) — v(s?, x) > e for anyx. Thus,

E[g} (", s-){v(si. X) — v(s", X)}Isi] = rs% 0, (A.12)
Since

Sur'(si, s7) = Elq; (s}, s—)v(si, x) — 17 (s}, s—i)si],

i \Pio

(A.11) and (A.12)mply that for anys; € [s} + &, s7 + 2¢]
Sur (s;, s7) > e~ Q.
2n
By incentive compatibility,

Sur'(s;, si) > TgiQn
2n
This shows that conditional on getting a signalih-+ ¢, s +2¢] any agent expects a surplus
that is bounded away from zero (relative to the per-capita supply of obj¥tts). The
positive density off(s;) implies that there is a minimum positive probability that signals
fallin [s} + e, s7 + 2¢] regardless of the choice of, and hence the claim follows. O
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