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Abstract We consider the problem of designing a mechanism to allocate objects to
agents when each agent has a quota that must be filled exactly. Agents are assumed to
have responsive preferences over items. We show that the only strategy-proof, Pareto
optimal, and nonbossy mechanisms are sequential dictatorships. We also show that
the only strategy-proof, Pareto optimal, nonbossy, and neutral mechanisms are serial
dictatorships. Since these negative results hold for responsive preferences, they hold
for more general preferences as well.

1 Introduction

We consider the problem of allocating a fixed number of available items to each agent
in a strategy-proof and Pareto optimal way. We show that the set of mechanisms that
are strategy-proof, Pareto optimal, and nonbossy is the set of sequential dictatorships,
even when we restrict preferences to be responsive.

Examples of this allocation problem include the allocating of (multiple) projects
to employees, allocating items among heirs, allocating equipment time to scientists,
and allocating different tutorial sessions to students. The most prominent example of
this problem is allocating amateur players to professional sports teams, and the usual
solution to this problem is a draft, where agents choose one item they want each round.
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However, it is easy to see that such drafting mechanisms are not strategy-proof, nor
are they Pareto optimal, even if agents do tell the truth. They are not strategy-proof
as agents will not necessarily draft their favorite players first—if an agent believes
his favorite player will still be there next round, he may choose someone he sees as
more popular this round, and wait until next round to choose his favorite player. A
slightly more complicated example is required to see that drafts are not necessarily
Pareto optimal, even when agents reveal truthfully. Consider a draft with two agents,
each of whom obtains three objects. Both agents agree that 1 � 2 � 3 � 4 � 5 � 6.
Hence, the first agent will get (1, 3, 5) and the second will get (2, 4, 6). However, it
may well be that the first agent would prefer (2, 3, 4) to (1, 3, 5) and the second agent
would prefer (1, 5, 6) to (2, 4, 6) and so the allocation generated by the draft would not
be Pareto optimal. Hence, for many problems, it behooves us to choose an allocation
mechanism which does not suffer from these problems. Unfortunately, the only such
mechanisms are sequential dictatorships.1

We already see sequential dictatorships being used when only one item is being allo-
cated. While sequential dictatorships seem reasonable for these housing assignment
problems, first introduced by Shapley and Scarf (1974), here they are deeply unsatis-
factory. Consider the case with two agents and four items. If the agents have exactly
the same preferences, any mechanism which is strategy-proof and Pareto optimal will
give one agent his two favorite items, while giving the other agent the remainders. The
second agent will likely claim that the mechanism is “unfair”, that it should not give
him the worst items while giving the other agent the best. And he has a point—the
mechanism could allocate each of them one of their favorite two items.2 Unfortunately,
any mechanism which does this will be subject to strategic manipulation.

In some sense, we can think of our results as extending the well-known results for
the housing assignment problem to the case where each agent receives more than one
item. Svensson (2003) shows that the only housing allocation mechanism that is strat-
egy-proof, nonbossy, and neutral is the serial dictatorship: we will show similar results
for the case when each agent obtains Q > 1 objects. The flavor of all of these results
is similar to that of the Gibbard–Satterthwaite theorem (Gibbard 1973; Satterthwaite
1975). However, it is important to note that these theorems do not follow directly from
Gibbard and Satterthwaite’s work, as agents are assumed to be indifferent over the
allocations of other agents in the type of problems considered here and in Svensson’s
work.

Further, we shall restrict the preferences of agents to be responsive: the change
in utility from substituting one item for another depends only on those two items,
not the other items the agent obtains. We use this model as it is the most restrictive
set of preferences that can be regarded as realistic. Certainly, for many applications,
substitutable or even broader sets of preferences may be applicable. However, since
our goal is to show that every strategy-proof, Pareto optimal, and nonbossy mecha-
nism is a sequential dictatorship, if we show this for our extremely restrictive set of

1 We do not claim that sequential dictatorships should be used by sports leagues, which would be highly
unbalancing. Rather, sports leagues use drafts, even though they have all of these problems, as the only
mechanisms which do not, sequential dictatorships, would likely destroy the competitive balance each year.
2 This sort of “fair” allocation is not possible when only allocating one object to each agent.
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preferences, then it will still be true if we allow for more general preferences (since
any opportunity for strategic manipulation that is available when preferences are more
restricted is still available when larger classes of preferences are considered).

There are several papers which consider mechanisms that allocate multiple items
to agents. The first paper, Papai (2001) considers a model where agents may have
any preferences over sets of items, and looks for nonbossy, strategy-proof and Pareto
optimal mechanisms; she finds the only such mechanisms are sequential dictatorships.
Our paper generalizes this result as we consider a problem where the agents have a
much smaller set of viable preferences; agents’ preferences are responsive and they
always desire Q items.3 Hence, if we show the result for our much more restrictive
set of preferences, it will still hold true for settings where more general preferences
are allowed, as the opportunities for strategic manipulation have only been expanded.
Ehlers and Klaus (2003) have generalized Papai’s results to the case where agents
may desire any number of objects and have responsive and separable preferences. As
noted before, we also assume responsive preferences in this work. However, Ehlers
and Klaus also assume that preferences are separable; that is, if the allocation of one
particular item is preferred to nothing, then the agent prefers obtaining that item to
not obtaining that item when holding any set of other items.

The next section lays out the basic model and formally defines the four condi-
tions that we consider. The third section first proves some preliminary results, and
then shows that the only strategy-proof, Pareto optimal, and nonbossy mechanism is
a sequential dictatorship; adding the requirement of neutrality further restricts the set
of satisfactory mechanisms to serial dictatorships. The last section concludes.

2 Model

We model the allocation problem as follows. There is a set M = {1, . . . , M} of objects.
There are N agents, each of which has a quota of Q ≥ 2 objects which he must take.4

Hence, for the problem to be feasible there must be M ≥ N Q objects available. An
allocation of objects to agents will be represented by an allocation vector �x , where

xm
n =

{
1 if agent n obtains object m
0 otherwise.

Feasibility implies that

N∑
n=1

xm
n ≤ 1

3 For many problems, this is the relevant domain: consider students choosing classes, teams drafting players,
etc.
4 In principle, the quota could be agent-specific, and the results below without neutrality would still follow.
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for all m = 1, . . . , M and

M∑
m=1

xm
n = Q

for all n = 1, . . . , N . We shall refer to a particular agent n’s allocation as �xn , and the
space of all feasible allocations for an agent as Xn . Hence, the set of feasible allocation
vectors is

∏N
n=1 Xn ≡ X .

Agents have (private) preferences over sets of objects. We shall model an agent n’s
preferences with a utility function of the following form:

un (�xn) =
M∑

m=1

am
n xm

n

where am
n ∈ R is the utility that agent n obtains from having object m as part of his con-

sumption bundle. We further impose the restriction that preferences over sets of objects
be strict.5 If un(�xn) > un(�yn) for �xn, �yn ∈ Xn , then we will write that �xn �un �yn .6,7

We can also represent an agent n’s preferences by the vector (a1
n, . . . , aM

n ). Let the
set of admittable preferences for an agent n be defined as Un , and then the set of
admittable preference profiles for all agents is

∏N
n=1 Un ≡ U .

From the revelation principle (see e.g. Jackson 2003) we know that we only need to
consider mechanisms where agents submit their preferences to the mechanism directly.
This vastly simplifies the space of possible mechanisms.

Formally, a mechanism will be a function F : U → X .8 We shall also define the
associated functions fn : U → Xn , where

fn (u) ≡ (F (u))n

In words, fn(u) is the outcome for agent n when the stated preferences are u.
We shall consider four restrictions on our mechanism. The first is strategy-

proofness, i.e. that no matter what preferences other agents submit, agent n has no
incentive to lie about his preferences. Formally, then, a mechanism F is strategy-proof

5 This restriction is not without loss: we do not consider the problem where students are contesting for
finite numbers of identical seats within different classes. For a discussion of this problem, see Sönmez and
Ünver (2007).
6 We shall also occasionally abuse notation and write i �un j to mean that agent n prefers item i to item

j under preference profile u , i.e. ai
n > a j

n .
7 Since preferences over any two distinct bundles are strict, �xn �un �yn can be read as stating that �xn is the
same as or strictly preferred to �yn .
8 Note that we shall only consider deterministic mechanisms. Considering random mechanisms would
lead to similar results, in that for any strategy-proof, Pareto optimal and nonbossy mechanism there would
always exist one agent who recieved his favorite set of objects. While these mechanisms are not dictatorial
in a strict sense, it does not solve the essential problem that one agent, even if randomly chosen, obtains all
his favorite items while other agents are offered only what the first agent does not want.
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if for all u ∈ U , for all n = 1, . . . , N , and for all vn ∈ Un , fn(u) �un fn(vn, u−n).9

The second condition we will impose is Pareto optimality, that whatever allocation the
mechanism produces, it should not be possible to find another, different, allocation
where all agents are weakly better off. Formally, a mechanism F is Pareto optimal
if for all u ∈ U , there does not exist an allocation �x such that �xn �un fn(u) for all
n = 1, . . . , N and �xn �un fn(u) for some n = 1, . . . , N . The third condition is non-
bossiness; a mechanism is nonbossy if when agent n submits different preferences, but
his allocation does not change, then the overall allocation does not change.10 Formally,
a mechanism F is nonbossy if for all u ∈ U , for all n = 1, . . . , N , and all vn ∈ Un , if
fn(u) = fn(vn, u−n), then F(u) = F(vn, u−n).

Finally, we shall prove a corollary for neutral mechanisms. Consider a permutation
π of 1, . . . , M . Let π(u) be the preference profile such that all agents permute their
given scores according to π , i.e. am

n → aπ(m)
n , and let π(�x) be the allocation vector

where the allocation of all agents is permuted according to π , i.e. π(xm
n ) = xπ(m)

n .
Formally, a mechanism F is neutral if for all permutations π of 1, . . . , M and all
u ∈ U , F(π(u)) = π(F(u)).

3 Results

We first state some preliminary results. Lemma 1 guarantees that strategy-proof and
nonbossy mechanisms satisfy monotonicity: i.e., when an agent changes his prefer-
ences from un ∈ Un to vn ∈ Un , the outcome of the mechanism does not change unless
he states that some set of objects, dispreferred to fn(u) under un , is now preferred
under vn . If this is true for all agents when we switch from the preference profile u to
the preference profile v, we have that by induction the allocation is unchanged.

Lemma 1 Let F be a strategy-proof and nonbossy mechanism, and let u, v ∈ U .
Suppose that for all �xn ∈ Xn and all n = 1, . . . , N , such that fn(u) �un �xn , we have
that fn(u) �vn �xn . Then F(u) = F(v).11

Our next lemma shows that any strategy-proof, Pareto optimal, nonbossy mecha-
nism must, when agents submit identical preferences, allocate objects to the agents in
a manner that resembles the outcome of a sequential dictatorship.

Lemma 2 Let F be a strategy-proof, Pareto optimal, and nonbossy mechanism. Then,
for each preference profile u ∈ U such that agents’ preferences are identical, there
exists for each i = 1, . . . , N an agent ni such that this agent receives his
[(i − 1)Q + 1]th through i Qth choices.

Proof Suppose not. Then there exists an identical preference profile u ∈ U and two
agents, A(lice) and B(ob), who receive arbitrary objects a, b, c such that according
to u, a �ui b �ui c and A receives a and c while B receives b. We will now construct

9 (vn , u−n) ≡ (u1, . . . , un−1, vn , un+1, . . . , uN ).
10 This condition was first introduced by Satterthwaite and Sonnenschein (1981).
11 This lemma is a generalization of Lemma 1 in Svensson (2003). The proof follows exactly as in Svensson
(2003).
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alternative preferences v. For all agents n �= A, B (if any) their allocation under u is
their favorite set of objects according to v. Furthermore, for A and B, let the other
objects they receive besides a, b, c be their highest ranked objects, and let all other
objects be ranked lower than a, b, c, and let a, b, c still be ranked a �vA b �vA c and
a �vB b �vB c. Hence, by Lemma 1, the allocation does not change; F(u) = F(v).

We can represent their preferences over these three objects in a list as follows,

A B
a a
b b
c c

where higher listed objects are ranked higher. Boxed objects are ones the agent now
obtains. Now

A B
a a
b b
c c

	⇒
A B
a a
b c
c b

	⇒
A B
b a
a c
c b

where the first implication follows from Pareto optimality (as A must get b) and strat-
egy-proofness (as if B obtained a by submitting the second set of preferences, he
would have an incentive to lie when his preferences were actually represented by the
first list). The second implication follows from Lemma 1. However,

A B
a a
b b
c c

	⇒
A B
b a
a b
c c

	⇒
A B
b a
a c
c b

where the first implication follows from Pareto optimality (as A must get b) and
strategy-proofness (as if A obtained a and b by submitting the second set of prefer-
ences, he would have an incentive to lie when his preferences were actually represented
by the first list). The second implication follows from Lemma 1. However, this con-
tradicts the outcome proscribed before. Hence, such agents can not exist.12 ��

We now consider how the order changes as a function of which identical prefer-
ence profiles the agents submit. It is important to consider nonneutral mechanisms
for this problem; neutrality is a much more restrictive assumption than in the housing
assignment problem. For the housing assignment problem, it is known that allocat-
ing objects to agents randomly and then running a top trading cycles mechanism
(a nonneutral mechanism) is equivalent to running a random serial dictatorship (see
Sönmez and Ünver 2005). However, this is not obvious for our problem, as one could
imagine mechanisms that assign “property rights” which have a better chance of allo-
cating to both agents something they want. For instance, consider an example with

12 The author thanks an anonymous referee for a simplifying suggestion for the proof.
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N = Q = 2, and M = 4. Then a mechanism could allocate “property rights” to the
first two objects to the first agent, and “property rights” to the last two objects to the
second agent. Then, if both agents submitted preferences such that 1 � 3 � 2 � 4,
the first agent would get 1 and 2, and the second agent 3 and 4. This mechanism is
fairer, in some sense, as no agent, even if preferences align exactly, always receives
his favorite set of objects. However, any of these “property rights” mechanisms are
subject to strategic manipulation, as we shall see.

We now consider the question of how the order of dictators can change when we
consider different elements of U , although we still only consider elements such that
the preference profiles of the various agents are identical. We find that the order of
dictators can change, but not in a very satisfactory way; the order can only rely on
the objects already chosen. In particular, identity of the initial dictator is the same
regardless of the choice of u, while the succeeding dictators’ identities may depend
on the choices of earlier dictators.

Lemma 3 Let F be a strategy-proof, Pareto optimal, and nonbossy mechanism. Then
there exists an agent n1, and for each preference profile u ∈ U such that agents’ pref-
erences are identical, an ordering of remaining agents n2 ≡ n2( fn1(u)), . . . , nN ≡
nN ( fn1(u), . . . , fnN−1(u)) such that for all i = 1, . . . , N, fni (u) consists of agent
ni ’s [(i − 1)Q + 1] th through i Qth choices according to the preference profile u.

Proof We shall show that for any identical preference ordering, the same agent always
chooses first. Consider the agent who gets his favorite set of objects for an identical
ordering with preferences

1 � 2 � · · · � Q − 1 � Q � Q + 1 � · · · � M

(who must exist according to Lemma 2). Now consider the permutation of these pref-
erences to

Q � 1 � 2 � · · · � Q − 1 � Q + 1 � · · · � M

for all agents. Then, by Lemma 1, the outcome does not change, and hence, under this
permutation of preferences, the same agent receives his favorite objects. Now consider
any object m > Q. The identical preference ordering

1 � 2 � · · · � Q − 1 � m � Q � · · · � m − 1 � m + 1 � · · · � M

has some agent n who receives his top Q choices (by Lemma 2). Now, let all other
agents change their preferences back to the ordering 1 � 2 � · · · � M . Since they
do not receive object m, by Lemma 1 their allocations must remain the same. Now,
let agent n change his preferences back to the ordering 1 � 2 � · · · � M . By
strategy-proofness, he can not lose objects 1, 2, . . . , Q − 1. Hence, since we know
some agent obtains objects 1, 2, . . . , Q, it must be this agent.

The above arguments show that inserting the Qth objects into the first slot in the
identical preference ordering does not change the agent who receives the top Q objects,
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nor does inserting the mth (m > Q) object into the Qth position in the identical
preference ordering. Hence, putting these together, we can raise any object to the
1st position in the preference ordering (leaving other elements fixed relative to each
other). Applying this multiple times, we can create any identical preference ordering,
and hence we have shown that there exists an agent that, for all identical preference
orderings, receives his top Q choices.

By similar reasoning, holding the top Q elements of the preferences fixed (and
hence the choices of n1), there exists an agent who always receives his [Q + 1]th
through 2Qth choices, and so on. ��

We now characterize the set of mechanisms which are strategy-proof, Pareto opti-
mal, and nonbossy. We shall show that all such mechanisms are sequential dictator-
ships. Formally, a mechanism F is a sequential dictatorship if there exists an agent
n1, and, for each preference profile u ∈ U , an ordering of the remaining agents
n2( fn1(u)), . . . , nN ( fn1(u), . . . , fnN−1( fn1 (u),..., fnN−2(·)(u))(u)) such that

fn1 (u) = arg max
Z⊆M

|Z |=Q

{∑
m∈Z

am
n1

}
,

fn2
(

fn1 (u)
) (u) = arg max

Z⊆M\ fn1 (u)

|Z |=Q

{∑
m∈Z

am
n2

(
fn1 (u)

)
}

,

and, recursively, for i = 3, . . . , N (if any)

f
ni

(
fn1 (u),..., fni−1(·)(u)

) (u)

= arg max

Z⊆M\
⎡
⎣ fn1 (u)∪⋃i−1

j=2 f
n j

(
fn1 (u),..., fn j−1(·)(u)

)(u)

⎤
⎦

|Z |=Q

{∑
m∈Z

am

ni

(
fn1 (u),..., fni−1(·)(u)

)
}

.

In other words, for every preference profile u ∈ U , agent n1 (whose identity is fixed
and does not depend on u) receives his Q most favorite objects, n2( fn1(u)) (whose
identity may depend on fn1(u) and hence on u) receives his Q most favored objects
from those remaining, etc.

Theorem 1 The mechanism F is a strategy-proof, Pareto optimal, and nonbossy
mechanism if and only if F is a sequential dictatorship.

Proof It is clear that a sequential dictatorship is strategy-proof, Pareto optimal, and
nonbossy.

We now show that any strategy-proof, Pareto optimal, and nonbossy mechanism
F is a sequential dictatorship. Apply F to the subset of identical preference profiles
V ⊂ U to obtain, by Lemma 3, agent n1 and for each v ∈ V and each i = 2, . . . , N ,
ni ≡ ni ( fn1(v), . . . , fni−1(v)) where, fni (v) consists of agent ni ’s [(i − 1)Q + 1]th
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through i Qth choices according to the identical preference profile v. Thus, given F
we can identify uniquely an agent n1, and, given any set of objects Z1 ⊂ M where
|Z1| = Q we can uniquely identify an agent

n2 (Z1) (1)

and, in general, for i = 3, . . . , N (if any) given any sequence Z1, . . . , Zi−1 ⊂ M

where
∣∣Z j

∣∣ = Q for all j = 1, . . . , i − 1, we can uniquely identify an agent

ni (Z1, . . . , Zi−1) . (2)

Now, let u ∈ U be an arbitrary (and not necessarily identical) preference profile. To
show that there exists an ordering of the agents with the desirable properties we will
first construct from u an identical preference profile vu ∈ V . The first best Q objects
of vu are the first best Q objects according to un1 , where n1 was identified above from
F ; these objects are denoted by Z1. The next Q objects (from Q + 1 to 2Q) are the
first best Q objects from M\Z1 according to un2(Z1), where n2(Z1) is defined in (1);
these objects are denoted by Z2. Finally, in general, for each i = 3, . . . , N (if any),
given Z1, . . . , Zi−1, the next Q objects (from (i − 1)Q + 1 to i Q) are the first best Q
objects from the set M\⋃i−1

j=1 Z j according to uni (Z1,...,Zi−1), where ni (Z1, . . . , Zi−1)

is identified in (2); these objects are denoted by Zi . Now,

F
(
vu) = F (u) .

The equality follows from Lemma 1, as for agent n1, if fn1(v
u) �vu

n1
�xn1 for any �xn1 ∈

Xn1 , then fn1(v
u) �un1

�xn1 ; and for each ni (Z1, . . . , Zi−1) with i = 2, . . . , N , if
fni (Z1,...,Zi−1)(v

u) �vu
ni (Z1,...,Zi−1)

�xni (Z1,...,Zi−1) for any �xni (Z1,...,Zi−1) ∈ Xni (Z1,...,Zi−1),

then fni (Z1,...,Zi−1)(v
u) �uni (Z1,...,Zi−1)

�xni (Z1,...,Zi−1). Thus F is a sequential dictator-
ship. ��

This shows that when preferences are strict and responsive, any strategy-proof,
Pareto optimal and nonbossy mechanism must be a sequential dictatorship. Since this
is a negative result, it also must hold for more general sets of preferences, such as
when agents have more general preferences over objects.

Furthermore, all three of these conditions are necessary for the characterization.
Consider an example with Q = 2, four objects {1, 2, 3, 4}, and two agents {A, B}.
Consider a “draft”, i.e. a mechanism that allocates A his most favored object, then
gives B his most favored object of the remaining three, then A his most favored object
of the remaining two, and B the last object. A may wish to change his ordering if his
most favored object is not desired by B, but his second most favorite object is; hence
the mechanism is not strategy-proof. However, this mechanism is Pareto optimal (with
respect to the submitted preferences) and nonbossy.

An allocation mechanism which assigns a fixed allocation is strategy-proof and
nonbossy, but clearly not Pareto optimal.

Finally, consider an example with Q = 2, eight objects {1, 2, 3, 4, 5, 6, 7, 8}, and
four agents {A, B, C, D}. The mechanism gives A his two most favored objects, and
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B his two most favored objects out of the six remaining when A is done. Then the
mechanism allocates C his two most favored objects of the remaining four, unless
u A = u B ; in that case, the mechanism allocates D his two most favored objects of
the remaining four. This mechanism is strategy-proof and Pareto optimal, but not
nonbossy; B could change his preferences while not changing his allocation, but still
change the allocation of C and D.

We can also show that neutrality further restricts the set of mechanisms to serial dic-
tatorships. Formally, a mechanism F is a serial dictatorship if there exists an ordering
of the agents n1, n2, . . . , nN such that for all preferences u ∈ U ,

fn1 (u) = arg max
Z⊆M

|Z |=Q

{∑
m∈Z

am
n1

}

and recursively, for i = 2, . . . , N ,

fni (u) = arg max
Z⊆M\⋃i−1

j=1 fn j (u)

|Z |=Q

{∑
m∈Z

am
ni

}
.

In other words, for every preference profile u ∈ U , agent n1 receives his Q most
favorite objects, agent n2 receives his Q most favored objects from those remaining,
etc. The key difference between serial dictatorships and sequential dictatorships is that
under a serial dictatorship, the identity of the second, third, fourth, etc. dictators no
longer relies on the choices of earlier dictators.

Corollary 1 The mechanism F is a strategy-proof, Pareto optimal, nonbossy, and
neutral mechanism if and only if F is a serial dictatorship.

Proof It is clear that a serial dictatorship is strategy-proof, Pareto optimal, nonbossy
and neutral. The reverse implication follows from Theorem 1. ��

4 Conclusion

The above results have shown that the only acceptable mechanism for allocation prob-
lems of this sort is a sequential dictatorship, even when we restrict preferences to be
responsive. Hence, broader classes of preferences, where agents may have substitut-
able or more complex preferences, or may demand varying numbers of objects, will
allow an even greater chance for strategic manipulation if a sequential dictatorship
is not used. (It is obvious that sequential dictatorships are strategy-proof and Pareto
optimal even for the most general set of preferences.) There have been a number of
studies of the difficulties of mechanism design for these types of problems, including
recent work by Sönmez and Ünver (2007) on the difficulty of allocating business stu-
dents places in oversubscribed classes. Although unfortunate, it seems that in many
of these applications, the best procedure (even if it is not considered “fair”) may well
be a random serial dictatorship.
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